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Abstract
For an infinite dimensional Lie group G modelled on a locally convex
Lie algebra g, we prove that every smooth projective unitary represen-
tation of G corresponds to a smooth linear unitary representation of a
Lie group extension G♯ of G. (The main point is the smooth structure
on G♯.) For infinite dimensional Lie groups G which are 1-connected,
regular, and modelled on a barrelled Lie algebra g, we characterize the
unitary g-representations which integrate to G. Combining these results,
we give a precise formulation of the correspondence between smooth pro-
jective unitary representations of G, smooth linear unitary representations
of G♯, and the appropriate unitary representations of its Lie algebra g♯.
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Introduction
The state space of a quantum mechanical system is described by the projective
space P(H) of a Hilbert space H. If a topological group G is a symmetry group
of this system, then, if G is connected, we have a homomorphism ρ : G→ PU(H)
into the projective unitary group of H, i.e., a projective unitary representation
of G. The natural continuity requirement for a projective representation is that
all its orbit maps are continuous. This is equivalent to continuity of the action
of G on P(H), and to continuity of ρ with respect to the quotient topology on
PU(H) ∼= U(H)s/T1, where U(H)s denotes the unitary group endowed with the
strong operator topology ([Ri79], [Ne14]). Since U(H)s is a central topological
T-extension of PU(H), we can always pull this extension back to G to obtain
a central T-extension G♯ of G in the topological category, and a continuous
unitary representation π : G♯ → G lifting the projective representation π. In this
context, the classification of projective unitary representations of G breaks up
into two parts: determining the group Exttop(G,T) of all topological central T-
extensions G♯ of G, and classifying the unitary representations of the individual
central extensions G♯. This strategy works particularly well if G is a finite
dimensional Lie group, because then G♯ always carries a natural Lie group
structure ([Ba54, Va85]). On the Lie algebra level, it now suffices to study
(infinitesimally) unitary representations on pre-Hilbert spaces and to develop
criteria for their integrability to groups; see [Nel69] for some of the most powerful
criteria in this context.
In this paper, we want to address these issues in a systematic way for infinite
dimensional Lie groups, more precisely, for Lie groups G modelled on a locally
convex topological vector space. Because the topological group U(H)s does not
carry a Lie group structure, one traditionally deals with these groups simply
as topological groups, using the exponential function exp: g → G only as a
means to parametrise one-parameter subgroups of G (cf. [Wa98], [Lo94], [Se81]).
By Stone’s Theorem, one-parameter subgroups of U(H)s correspond to skew-
adjoint, possibly unbounded operators on H, so that every continuous unitary
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representation ρ : G→ U(H) gives rise to a family dρ(ξ), ξ ∈ g, of skew-adjoint
unbounded operators with different domains Dξ.
This context is not quite suitable for Lie theory though, because due to
possible domain issues, one may not get a representation at the infinitesimal
level. In order to obtain a Lie algebra representation, it is natural to require
that the representation (ρ,H) be smooth, in the sense that the space H∞ of
vectors with a smooth orbit map is dense in H. This ensures that dρ becomes a
Lie algebra representation on the dense common domainH∞, and with that, the
full power of Lie Theory, including infinitesimal methods, becomes available. For
finite dimensional Lie groups, smoothness follows from continuity by G˚arding’s
Theorem [Ga47], but this is no longer true for infinite dimensional Lie groups
([BN08, Ne10b]). For those, smoothness has to be imposed as an extra technical
condition, justified by virtually all important examples. In the same vein, we
define a projective unitary representation ρ : G → PU(H) to be smooth if the
set of rays with a smooth orbit map is dense in P(H).
The central results of this paper are the following:
• If G is a Lie group (modelled on an arbitrary locally convex vector space),
then every smooth projective unitary representation of G corresponds to
a smooth unitary representation of a central Lie group extension G♯ of G
(Theorem 4.3). The nontrivial point here is that G♯ is not just a topolog-
ical group, but a locally convex Lie group.
• For Lie groups G that are 1-connected, regular, and modelled on a bar-
relled locally convex space, we characterise which unitary representations
of its Lie algebra g are integrable to a group representation in terms of ex-
istence and smoothness of solutions to certain linear initial value problems
(Theorem 3.27).
• We clarify the correspondence between smooth projective representations,
unitary representations of the corresponding central extensions, and the
corresponding data on the Lie algebra level in terms of suitable categories
(Theorem 7.3), with due care for the appropriate intertwiners.
We now describe our results and the structure of the paper in more detail.
In Section 1, we introduce Lie groups modelled on locally convex spaces and
in particular the notion of a regular Lie group. In Section 2, we introduce the
appropriate notions of smoothness and continuity for unitary and projective
unitary representations of locally convex Lie groups.
The original part of this paper starts in Section 3, where we discuss the
passage back and forth between smooth unitary representations of a locally
convex Lie group G with Lie algebra g (the global level), and the corresponding
unitary representations of g on a pre-Hilbert space (the infinitesimal level). A
key observation is that a smooth unitary representation (ρ,H) of a connected Lie
group G is always determined uniquely by the derived representation of g on the
space of smooth vectors. We give a short and direct proof in Proposition 3.4. A
much harder problem is to characterise those unitary Lie algebra representations
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(π, V ) which can be integrated to a smooth group representation. The main
idea here is to equip V with two locally convex topologies derived from π, the
weak and the strong topology, which are finer than the norm topology of the
pre-Hilbert space V . The advantage of these topologies on V is that unlike
the norm topology, they make the infinitesimal action g × V → V , defined by
(ξ, ψ) 7→ π(ξ)ψ, into a sequentially continuous map (Lemma 3.14). Although
this map is continuous for Banach–Lie groups, this fails in general for Fre´chet–
Lie groups. If (π, V ) is the derived g-representation of the smooth unitary
G-representation (ρ,H), then it is regular in the sense that, for every smooth
curve ξ : [0, 1]→ g and ψ ∈ V , the initial value problem
d
dtψt = π(ξt)ψt, ψ0 = ψ
has a smooth solution (in the weak or strong topology on V , which is a stronger
requirement than having a solution in the norm topology!), and ψ1 depends
smoothly on ξ ∈ C∞([0, 1], g) with respect to the topology of uniform conver-
gence of all derivatives. The main result of Section 3 is Theorem 3.27, which
states that for regular, 1-connected Lie groups G with a barrelled Lie algebra g,
a unitary g-representation is integrable to a G-representation if and only if it is
regular. Along the way, we prove that if (ρ,H) is a smooth unitary representa-
tion of a Fre´chet–Lie group G, then its space H∞ of smooth vectors is complete
with respect to both the weak and the strong topology (Proposition 3.19). Suffi-
cient criteria for regularity have been developed for various types of Lie algebras,
such as loop algebras and the Virasoro algebra, in [TL99].
In Section 4, we introduce the concept of a smooth projective unitary rep-
resentation ρ : G→ PU(H) of a locally convex Lie group G. We show that any
such representation gives rise to a smooth unitary representation of a central
Lie group extension G♯ of G by the circle group T, and hence to a represen-
tation of the central Lie algebra extension g♯ of g. This general result sub-
sumes various weaker results and ad hoc considerations ([Ne10a], [PS86], [Se81],
[Mc85, Mc89]) and applies in particular to many important classes of groups,
such as loop groups, the Virasoro group, and restricted unitary groups. This
breaks the problem of classifying smooth projective unitary representations into
two smaller parts: determining the relevant central Lie group extensions G♯ of
G by T (cf. [Ne02]), and classifying the unitary representations of the individual
central extensions G♯. In [JN15], we use this strategy for the classification of
projective unitary positive energy representations of gauge groups.
In Section 5, we refine the techniques used in [Ne10b, Ne14] to provide
effective criteria for the smoothness of a ray [ψ] ∈ P(H), and to determine the
structure of the subset P(H)∞ of all smooth rays as a union of subsets P(Dj),
where (Dj)j∈J are mutually orthogonal subspaces of H. In particular, this
shows that for smooth projective representations, the dense set of smooth rays
is a projective space.
The Lie algebra extension g♯ → g of the central T-extension G♯ → G is
a central extension of g by R, hence determined by a cocycle ω : g × g → R.
In Section 6, we describe the Lie algebra cocycles in terms of smooth rays,
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and formulate necessary conditions for a Lie algebra cocycle to come from a
projective unitary representation. One is the existence of an equivalent cocycle
which is the imaginary part of a positive semi-definite hermitian form on gC
(Proposition 6.6).
In Section 7, we formulate the correspondence between smooth projective
unitary representations of G, smooth unitary representations of G♯, and the
corresponding data on the Lie algebra side in terms of suitable categories, i.e.,
taking intertwiners into account.
In Section 8, we briefly discuss the special case where the Lie group under
consideration is a semidirect product G⋊αR. This setting, especially with R =
R, is frequently encountered in the representation theory of infinite dimensional
Lie groups, in particular for loop groups and gauge groups (cf. [PS86, JN15]).
For R = T or R = R, we thus encounter Lie algebras of the form g⋊D R, where
D : g→ g is a continuous derivation. Such a derivation is called admissible if its
kernel and cokernel split in a natural way, a requirement automatically fulfilled
for R = T. In Section 9 we show how the admissibility of D can be used to
compute H2(g⋊D R,R) in terms of D-invariant cocycles on g. We further show
that the Stone–von Neumann Theorem implies that cocycles on g⋊D R arising
from projective positive energy representations lead toD-invariant cocycles on g.
Section 10 concludes this paper with a discussion of projective unitary repre-
sentations for three classes of locally convex Lie groups: abelian groups, whose
central extensions are related to Heisenberg groups; the group Diff(S1)+ of ori-
entation preserving diffeomorphisms of the circle, whose central extensions are
related to the Virasoro algebra; and twisted loop groups, whose central exten-
sions are related to affine Kac–Moody algebras.
Notation and terminology
We denote the unit circle {z ∈ C : |z| = 1} by S1 if we consider it as a manifold,
and by T if we consider it as a Lie group. The exponential function exp: R→ T
is given by exp(t) = e2πit with kernel Z. For a complex Hilbert space H, we take
the scalar product 〈 · , · 〉 to be linear in the second argument. The projective
space is denoted P(H), and we write [ψ] := Cψ for the ray generated by a
nonzero vector ψ ∈ H. We denote the group of unitary operators of H by
U(H), and write PU(H) := U(H)/T1 for the projective unitary group. The
image of U ∈ U(H) in PU(H) is denoted U . Locally convex vector spaces are
always assumed to be Hausdorff.
1 Representations of locally convex Lie groups
In this section, we introduce Lie groups modelled on locally convex spaces, or
locally convex Lie groups for short. This is a generalisation of the concept of a
finite dimensional Lie group that captures a wide range of interesting examples
(cf. [Ne06] for an overview).
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1.1 Smooth functions
Let E and F be locally convex spaces, U ⊆ E open and f : U → F a map. Then
the derivative of f at x in the direction h is defined as
∂hf(x) := lim
t→0
1
t
(f(x+ th)− f(x))
whenever it exists. We set Df(x)(h) := ∂hf(x). The function f is called
differentiable at x if Df(x)(h) exists for all h ∈ E. It is called continuously
differentiable if it is differentiable at all points of U and
Df : U × E → F, (x, h) 7→ Df(x)(h)
is a continuous map. Note that this implies that the maps Df(x) are linear (cf.
[GN15, Lemma 2.2.14]). The map f is called a Ck-map, k ∈ N ∪ {∞}, if it is
continuous, the iterated directional derivatives
Djf(x)(h1, . . . , hj) := (∂hj · · · ∂h1f)(x)
exist for all integers 1 ≤ j ≤ k, x ∈ U and h1, . . . , hj ∈ E, and all maps
Djf : U × Ej → F are continuous. As usual, C∞-maps are called smooth.
1.2 Locally convex Lie groups
Once the concept of a smooth function between open subsets of locally convex
spaces is established, it is clear how to define a locally convex smooth manifold
(cf. [Ne06], [GN15]).
Definition 1.1. (Locally convex Lie groups) A locally convex Lie group G is a
group equipped with a smooth manifold structure modelled on a locally convex
space for which the group multiplication and the inversion are smooth maps. A
morphism of Lie groups is a smooth group homomorphism.
We write 1 ∈ G for the identity element. Its Lie algebra g is identified with
the tangent space T1(G), and the Lie bracket is obtained by identification with
the Lie algebra of left invariant vector fields. It is a locally convex Lie algebra
in the following sense.
Definition 1.2. (Locally convex Lie algebras) A locally convex Lie algebra is a
locally convex space g with a continuous Lie bracket [ · , · ] : g× g → g. Homo-
morphisms of locally convex Lie algebras are continuous Lie algebra homomor-
phisms.
The right action Rg : h 7→ hg of G on itself induces a right action on T (G),
which we denote (v, g) 7→ v · g.
Definition 1.3. (Logarithmic derivatives) For a smooth map γ : M → G, the
right logarithmic derivative δRγ : TM → g is defined by
δRγ := Tγ · γ−1, i.e., (δRγ)(vm) = Tm(γ)vm · γ(m)
−1.
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If x is a coordinate on M , we will often write δRx γ instead of δ
R
∂x
γ. The
logarithmic derivative satisfies the Maurer–Cartan equation
Tvδ
R
wγ − Twδ
R
v γ = [δ
R
v γ, δ
R
wγ] . (1)
The notion of a regular Lie group, introduced by Milnor [Mi84], is especially
useful if one wishes to pass from the infinitesimal to the global level. Regularity
is satisfied by all major classes of locally convex Lie groups [Ne06].
Definition 1.4. (Regularity) A locally convex Lie group G is called regular if
for every smooth map ξ : [0, 1]→ g, the differential equation
δRt γ = ξ(t)
with initial condition γ(0) = 1 has a solution γ : [0, 1] → G and γ(1) depends
smoothly on ξ. If such a solution exists, then it is automatically unique [Ne06,
II.3.6(c)].
Since the emphasis in the present paper is more on the global level and on
the passage from the global to the infinitesimal level, the majority of our results
will not require regularity.
2 Projective unitary representations
We introduce the appropriate notions of smoothness and continuity for unitary
and projective unitary representations of locally convex Lie groups.
2.1 Unitary representations
Let G be a locally convex Lie group with Lie algebra g. A unitary representation
(ρ,H) of G is a group homomorphism ρ : G→ U(H).
Definition 2.1. (Continuous and smooth vectors) A vector ψ ∈ H is called
continuous if its orbit map G → H, g 7→ ρ(g)ψ is continuous, and smooth if
its orbit map is smooth. We denote the subspaces of continuous and smooth
vectors by Hc and H
∞, respectively.
Definition 2.2. (Continuous and smooth unitary representations) A unitary
representation is called continuous if Hc is dense in H, and smooth if H
∞ is
dense in H.
Remark 2.3. (Smoothness is stronger than continuity) Clearly, every smooth
unitary representation is continuous. For finite dimensional Lie groups, the
converse also holds: every continuous unitary representation is automatically
smooth (cf. [Ga47]). For infinite dimensional Lie groups, however, this converse
no longer holds; there exist unitary representations of Banach–Lie groups that
are continuous, but not smooth (cf. [BN08], [Ne10b]).
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Remark 2.4. (Strongly continuous vs. norm continuous representations) Since
the linear subspace Hc ⊆ H is closed, a unitary representation is continuous if
and only if Hc = H. This is equivalent to the continuity of ρ : G→ U(H) with
respect to the strong operator topology, which coincides with the weak opera-
tor topology on U(H). The norm topology on U(H) is finer than the weak or
strong topology. We call (ρ,H) norm continuous if ρ : G→ U(H) is continuous
w.r.t. the norm topology. Norm continuity implies continuity, but many inter-
esting continuous representations, such as the regular representation of a finite
dimensional Lie group G on L2(G), are not norm continuous.
2.2 Projective unitary representations
A projective unitary representation (ρ,H) of a locally convex Lie group G is a
complex Hilbert space H with a group homomorphism ρ : G→ PU(H). We call
two projective unitary representations (ρ,H) and (ρ′,H′) unitarily equivalent if
there exists a unitary transformation U : H → H′ such that U ◦ ρ(g) = ρ(g)′ ◦U
for all g ∈ G.
A projective unitary representation yields an action of G on the projective
space P(H). Since P(H) is a Hilbert manifold, we can define continuous and
smooth projective representations.
Definition 2.5. (Continuous and smooth rays) A ray [ψ] ∈ P(H) is called
continuous if its orbit map G → P(H), g 7→ ρ(g)[ψ] is continuous, and smooth
if its orbit map is smooth. We denote the sets of continuous and smooth rays
by P(H)c and P(H)
∞, respectively.
Definition 2.6. (Continuous and smooth projective unitary representations)
A projective unitary representation (ρ,H) is called continuous if P(H)c is dense
in H, and smooth if P(H)∞ is dense in H.
Remark 2.7. (Topology of P(H)) The topology of the Hilbert manifold P(H)
is easily seen to be the initial topology w.r.t. the functions [ψ] 7→ p([ϕ] ; [ψ]),
where
p([ϕ] ; [ψ]) :=
|〈ϕ, ψ〉|2
‖ϕ‖2‖ψ‖2
is the transition probability between [ϕ], [ψ] ∈ P(H) when these are interpreted
as states of a quantum mechanical system. This in turn agrees with the topology
induced by the Fubini–Study metric d([ψ], [ϕ]) = arccos
√
p([ϕ] ; [ψ]) ([Ne14,
Rem. 4.4(b)]). If [ψ] ∈ P(H) is continuous (smooth), then, for all [ϕ] ∈ P(H),
the transition probability p([ϕ] ; ρ(g)[ψ]) varies continuously (smoothly) with
g ∈ G.
Remark 2.8. (Alternative characterisations of continuity) Since P(H)c is closed
[Ne14, Lemma 5.8], a projective unitary representation is continuous if and
only if P(H)c = P(H). We endow PU(H) = U(H)/T1 with the pointwise
topology derived from its action on P(H). This coincides with the quotient
topology derived from the strong (or, equivalently, weak) topology on U(H)
8
[Ne14, Prop. 5.1], and a projective unitary representation is continuous if and
only if the map ρ : G→ PU(H) is continuous with respect to this topology. The
quotient topology on PU(H) derived from the norm topology on U(H) is finer,
and we call (ρ,H) norm continuous if ρ is continuous w.r.t. this topology.
3 Integration of Lie algebra representations
In this section, we turn to the new material in this paper. We discuss the passage
back and forth between smooth unitary representations of a locally convex Lie
group G with Lie algebra g (the global level), and the corresponding unitary
representations g on a pre-Hilbert space (the infinitesimal level).
Subsection 3.1 is devoted to the following key observation: a smooth unitary
representation (ρ,H) of a locally convex Lie group G is determined uniquely by
its derived unitary Lie algebra representation (dρ,H∞) on the space of smooth
vectors. In Subsection 3.2, we tackle the much harder question of finding nec-
essary and sufficient criteria for unitary Lie algebra representations (π, V ) to
integrate to the group level. This culminates in Theorem 3.27, where we give
such conditions in the context of 1-connected regular Lie groups modelled on a
barrelled Lie algebra.
3.1 Derived representations
A representation (π, V ) of a Lie algebra g is a complex vector space V with a
Lie algebra homomorphism π : g→ End(V).
Definition 3.1. (Unitary Lie algebra representations) A representation (π, V )
of the Lie algebra g is called unitary if V is a pre-Hilbert space and π(ξ) is
skew-symmetric for all ξ ∈ g. A unitary equivalence between (π, V ) and (π′, V ′)
is a bijective linear isometry U : V → V ′ such that Uπ(ξ) = π′(ξ)U for all ξ ∈ g.
We denote the Hilbert completion of V by HV .
If (ρ,H) is a smooth unitary representation of a locally convex Lie group G,
then its derived representation (dρ,H∞) is a unitary representation of its Lie
algebra g.
Definition 3.2. (Derived representations) If (ρ,H) is a smooth representation
of G, then its derived representation dρ : g→ End(H∞) is defined by
dρ(ξ)ψ :=
d
dt
∣∣∣
t=0
ρ(γt)ψ ,
where γ : R→ G is a curve with γ0 = 1 and
d
dtγ|t=0 = ξ.
Remark 3.3. (Selfadjoint generators) Suppose that G is regular (or, more
generally, that G admits a smooth exponential function). Then we can take
γt = exp(tξ) to be the solution of δ
R
t γ = ξ starting in 1. Since the closure of
dρ(ξ) coincides with the infinitesimal generator of the unitary one-parameter
group t 7→ ρ(exp(tξ)), the operators i · dρ(ξ) are then essentially selfadjoint (cf.
[RS75, Thm. VIII.10]).
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The derived representation dρ carries significant information in the sense
that it determines the restriction of ρ to G0, the connected component of the
identity.
Proposition 3.4. (Infinitesimal representations determine global ones) Let G
be a connected locally convex Lie group with Lie algebra g. Then U : H → H˜
is an isometric intertwiner between unitary G-representations (ρ,H) and (ρ˜, H˜)
if and only if U |H∞ is an isometric intertwiner between the g-representations
(dρ,H∞) and (dρ˜, H˜∞). In particular, (ρ,H) is determined by (dρ,H∞) up to
unitary equivalence.
Proof. Let ψ ∈ H∞, and let γ : [0, 1] → G be a smooth curve with γ0 = 1 and
γ1 = g. If we define ξt := δ
R
t γt in g = T1(G), then we have
d
dt
ρ(γt)ψ = dρ(ξt)ρ(γt)ψ ,
d
dt
ρ˜(γt)Uψ = dρ˜(ξt)ρ˜(γt)Uψ .
Skew-symmetry of the operators dρ˜(ξt), combined with the identity dρ˜(ξt)U =
Udρ(ξt) on H
∞, then implies that the function
f(t) := 〈ρ˜(γt)Uψ,Uρ(γt)ψ〉
is constant because
f ′(t) = 〈dρ˜(ξt)ρ˜(γt)Uψ,Uρ(γt)ψ〉+ 〈ρ˜(γt)Uψ,Udρ(ξt)ρ(γt)ψ〉 = 0.
Since f(1) = f(0) yields 〈ρ˜(g)Uψ,Uρ(g)ψ〉 = 〈ψ, ψ〉, we have Uρ(g)ψ = ρ˜(g)Uψ
for all ψ ∈ H∞ by Cauchy–Schwarz. As H∞ is dense in H, this yields ρ˜(g)U =
Uρ(g) on H.
3.2 Globalisation of Lie algebra representations
The converse problem, existence and uniqueness of globalisations for a given
unitary Lie algebra representation, is much harder. There is a functional an-
alytic and a topological aspect to this question, in the sense that one can ask
whether a given Lie algebra representation integrates to a local group represen-
tation, and, if so, whether or not this extends to a global representation. Since
the topological part is less relevant for projective representations, we now isolate
the functional analytic part.
For the integration problem, we will work in the context of regular Lie groups
modelled on barrelled Lie algebras.
Definition 3.5. (Barrelled Lie algebras) A locally convex Lie algebra g is called
barrelled if every barrel (i.e. every closed, convex, circled, absorbing subset) of
g is a 0-neighbourhood.
The distinguishing feature of barrelled spaces is that the Banach–Steinhaus
Theorem holds. Every locally convex Baire space is barrelled, so in particular,
all Fre´chet spaces are barrelled. Products, Hausdorff quotients and inductive
limits of barrelled spaces are barrelled, so in particular, LF-spaces are barrelled.
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3.2.1 Weak and strong topology for LA representations
Let (π, V ) be a unitary representation of a locally convex Lie algebra g. In
order to make headway with the integration of Lie algebra representations, we
will need a topology on V for which the map g × V → V, (ξ, ψ) 7→ π(ξ)ψ is
sequentially continuous. Since the norm topology on V ⊆ HV , induced by the
Hilbert space norm on HV , is too coarse for this to hold even in the case of
finite dimensional Lie algebras, we introduce two topologies on V , the weak and
the strong topology, that do fulfil this requirement.
Remark 3.6. (Notation) The unitary g-representation π : g→ End(V ) extends
to a ∗-representation of the universal enveloping algebra UC(g), equipped with
the unique antilinear anti-involution that satisfies ξ∗ = −ξ on g ⊆ UC(g). It
will be denoted by the same letter, π : UC(g) → End(V ). In the same vein, we
define the map
πn : g
n → End(V ), πn(ξ) := π(ξn) . . . π(ξ1) for ξ = (ξn, . . . , ξ1) ∈ g
n.
For n = 0, this is interpreted as the map on g0 = R defined by π0(λ) =
λ1, so that πn is the concatenation of π : UC(g) → End(V ) with the n-linear
multiplication map gn → UC(g).
Definition 3.7. (Continuous Lie algebra representations) We call (π, V ) con-
tinuous if for all n ∈ N and ψ ∈ V , the function πψn : g
n → HV defined by
πψn (ξ) := πn(ξ)ψ is continuous w.r.t. the norm topology.
Remark 3.8. (Derived representations are continuous) If (ρ,H) is a smooth
unitary representation of a locally convex Lie group, then dρψn is continuous, as
it is the (restriction to gn of the) nth derivative at 1 ∈ G of the smooth function
g 7→ ρ(g)ψ. It follows that (dρ,H∞) is continuous.
The intuition behind the definition of the weak and strong topology on
V is to think of ψ ∈ H∞ as a ‘state’ σψ : UC(g) → C on UC(g), given by
σψ(A) = 〈ψ, π(A)ψ〉. The weak topology of V corresponds precisely to the
weak-∗ topology on U∗
C
(g), and the strong topology is loosely based on the
topology of bounded convergence.
Definition 3.9. (Weak and strong topology on V ) The weak topology on V is
the locally convex topology generated by the seminorms
pξ(ψ) := ‖πn(ξ)ψ‖ for ξ ∈ g
n, n ∈ N.
The strong topology on V is generated by the seminorms
pB(ψ) := sup
ξ∈B
‖πn(ξ)ψ‖,
where B ⊆ gn runs over the bounded subsets of the locally convex spaces gn,
and n runs over N.
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Recall that for n = 0, we have g0 = R and pλ(ψ) = |λ|‖ψ‖, so that both the
strong and the weak topology are finer than the norm topology of V ⊆ HV . As
the name suggests, the strong topology is stronger than the weak topology. If we
have the strong, weak, or norm topology on V in mind, we will call a convergent
sequence in V ‘strongly’, ‘weakly’ or ‘norm’-convergent, and a a continuous map
into V ‘strongly’, ‘weakly’, or ‘norm’-continuous.
Remark 3.10. (Comparison with existing definitions) For Banach–Lie groups,
the strong topology on the set H∞ of smooth vectors coincides with the locally
convex topology introduced in [Ne10b] for (not necessarily unitary) representa-
tions of Banach–Lie groups on locally convex spaces. For finite dimensional Lie
groups G, the weak and the strong topology coincide with each other, and with
the usual topology on H∞, derived from the smooth compact open topology on
C∞(G,H) and the embedding H∞ → C∞(G,H) defined by ρψ(g) = ρ(g)ψ (cf.
[Ne10b, Prop. 4.6]).
Example 3.11. (A smooth representation of RN) Consider the abelian Lie
group G = RN, whose Fre´chet–Lie algebra RN is equipped with the product
topology and the trivial Lie bracket. The unitary G-representation (ρ, ℓ2(N,C))
defined by (ρ(ϕ)ψ)n := e
iϕnψn has the dense space H
∞ = C(N) of smooth
vectors [Ne10b, Ex. 4.8], and the derived Lie algebra representation (dρ,C(N))
is given by (dρ(ξ)ψ)n := iξnψn. The weak topology on C
(N) is the locally
convex topology generated by the seminorms pξ(ψ) :=
√∑
i∈N |ξiψi|
2, where
ξi = ξ
1
i . . . ξ
n
i if ξ = (ξ
1, . . . , ξn) ∈ gn. This is precisely the locally con-
vex inductive limit topology on C(N), i.e., the strongest locally convex topol-
ogy such that all inclusions Cn →֒ C(N) are continuous. Indeed, the opens
Bξ(0) := {ψ ∈ C
(N) ; pξ(ψ) < 1} that generate the weak topology are open
for the locally convex inductive limit topology. Conversely, if U ⊆ C(N) is a
convex 0-neighbourhood for the locally convex inductive limit topology, then
for each i ∈ N, there exists an ri > 0 such that ψ ∈ U for all ψ ∈ Cei with
‖ψ‖ ≤ ri. With ξi := 2
i+1/ri, the inequality pξ(ψ) < 1 implies |2
i+1ψi| < ri, so
that the multiple 2i+1ψiei of the i
th basis vector ei is an element of U . Since
ψ =
∑n
i=0 ψiei is a convex combination of 0 and the vectors 2
i+1ψiei, it is an
element of U , hence Bξ(0) ⊆ U and U is open for the weak topology. In this
case, the strong topology yields the same result.
Proposition 3.12. (Strong continuity πn(ξ)) For every ξ ∈ g
n, the map
πn(ξ) : V → V is continuous for the weak as well as for the strong topology.
Proof. For the weak topology, this follows from pξ′(πn(ξ)ψ) = pξ′ξ(ψ), where
ξ′ξ ∈ gm+n denotes the concatenation of ξ′ ∈ gm and ξ ∈ gn. For the strong
topology, this follows from pB(πn(ξ)ψ) = pB×{ξ}(ψ), as B × {ξ} ⊆ g
n+m is
bounded for all ξ ∈ gm and all bounded sets B ⊆ gm.
Although the norm topology on V is coarser than the weak and the strong
topology, continuity of all maps πψn : g
n → V w.r.t. the norm topology implies
continuity w.r.t. the weak and strong topology.
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Proposition 3.13. (Strong continuity πψn ) If π : g → End(V ) is continuous
in the sense of Definition 3.7, then for every ψ ∈ V and n ∈ N, the map
πψn : g
n
C
→ V is strongly (hence weakly) continuous.
Proof. Let ξ0 ∈ g
m. Then norm-continuity of πψm+n : g
m+n → HV implies that
the map gn → HV defined by ξ 7→ πm(ξ0)πn(ξ)ψ is norm-continuous. Since
this is true for all fixed ξ0 ∈ g
m, πψn is weakly continuous.
To show that it is even strongly continuous, consider the norm pB derived
from the bounded set B ⊆ gm. For every ε > 0, there exist open sets U0 ⊆ g
m
and U ⊆ gn such that ξ0 ∈ U0 and ξ ∈ U imply ‖πm(ξ0)πn(ξ)ψ‖ ≤ ε. Since
B ⊆ λU0 for some λ > 0, we have ‖πm(ξ0)πn(ξ)ψ‖ ≤ λ
mε for ξ0 ∈ B, ξ ∈ U .
Since πψn is n-linear, ξ ∈ λ
−m/nU implies pB(π
ψ
n (ξ)) ≤ ε.
Lemma 3.14. (Sequential continuity of infinitesimal action) If π : g→ End(V )
is a continuous unitary representation of a barrelled Lie algebra g, then the map
g × V → V, (ξ, ψ) 7→ π(ξ)ψ is sequentially continuous for the weak and strong
topology.
Proof. Let (ξn, ψn) be a sequence in g × V converging weakly to (ξ∞, ψ∞).
The maps πψn : g → V defined by πψn(ξ) := π(ξ)ψn are weakly continuous
by Proposition 3.13, and H := {πψn ; n ∈ N} is bounded for the topology of
pointwise convergence because for each fixed ξ ∈ g, πψn(ξ) converges to π(ξ)ψ∞
by Proposition 3.12. By the Banach–Steinhaus Theorem ([Bo50, Thm. 1]), H
is equicontinuous, so that limk→∞ π(ξ∞ − ξk)ψn = 0 uniformly in n. It follows
that limn→∞ π(ξn)ψn = limn→∞ π(ξ∞)ψn, which equals π(ξ∞)ψ∞, again by
Proposition 3.12.
If (ξn, ψn) → (ξ∞, ψ∞) strongly, then one considers for each ξ ∈ g
m the
map πψnξ : g → V defined by π
ψn
ξ (ξ) = πm(ξ)π(ξ)ψn, strongly continuous by
Proposition 3.13. For every bounded subset B ⊆ gm, the set
H := {πψnξ ; n ∈ N, ξ ∈ B}
is pointwise bounded because for each fixed ξ ∈ g, ‖πψnξ (ξ)‖ ≤ pB×{ξ}(ψn),
which, for n → ∞, approaches pB×{ξ}(ψ∞) by assumption. By the Banach–
Steinhaus Theorem, H is equicontinuous, and
lim
k→∞
pB(π(ξ∞ − ξk)ψn) = 0
uniformly in n. Since limn→∞ π(ξ∞)ψn = π(ξ∞)ψ∞ strongly by Proposi-
tion 3.12, it follows that π(ξn)ψn approaches π(ξ∞)ψ∞ with respect to every
seminorm pB.
Remark 3.15. (Continuity of g × V → V ) If g is a Banach–Lie algebra, then
both g and the strong topology on V are first countable, so that sequential strong
continuity of the action map (ξ, ψ) 7→ π(ξ)ψ implies strong continuity. However,
even for Fre´chet–Lie algebras g, the action (ξ, ψ) 7→ π(ξ)ψ can be sequentially
continuous without being continuous. For example, the map (ξ, ψ) 7→ dρ(ξ)ψ
described in Example 3.11 is sequentially continuous by Lemma. 3.14, but it is
not continuous w.r.t. any locally convex topology on V , cf. [Ne10b, Ex. 4.8].
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Lemma 3.16. (Continuous curves) Let π : g→ End(V ) be a continuous unitary
representation of a barrelled Lie algebra g, let t 7→ ξt be a continuous curve in
g, and let and t 7→ ψt be a strongly (weakly) continuous curve in V . Then the
curve t 7→ π(ξt)ψt in V is strongly (weakly) continuous.
Proof. If t 7→ π(ξt)ψt were not continuous in some point t0, then it would be
possible to find a sequence tn converging to t0 such that π(ξn)ψn does not
converge to π(ξ0)ψ0, contradicting Lemma 3.14.
The following lemma holds for the weak and strong topology, but not for the
norm topology – which was our main motivation to introduce the former two.
Lemma 3.17. (C1-curves) Suppose that (π, V ) is a continuous unitary repre-
sentation of a barrelled Lie algebra g. If t 7→ ψt is a C
1-curve in V for the strong
(weak) topology, and t 7→ ξt a C
1-curve in g, then t 7→ π(ξt)ψt is a C
1-curve in
V for the strong (weak) topology, with derivative ddtπ(ξt)ψt = π(ξ
′
t)ψt+π(ξt)ψ
′
t.
Proof. Since g → V, ξ 7→ π(ξ)ψt and π(ξt) : V → V are continuous w.r.t. the
strong and weak topology by Propositions 3.13 and 3.12 respectively, the first
two terms on the r.h.s. of
d
dtπ(ξt)ψt = limh→0
π
(
1
h (ξt+h − ξt)
)
ψt + lim
h→0
π(ξt)
(
1
h(ψt+h − ψt)
)
+ lim
h→0
1
hπ(ξt+h − ξt)(ψt+h − ψt)
are π(ξ′t)ψt and π(ξt)ψ
′
t. It remains to show that the third term is zero. Since
h 7→ ψt+h−ψt is a strongly (weakly) continuous curve in V , and since the map
defined by 0 7→ ξ′t and h 7→
1
h (ξt+h − ξt) for h 6= 0 is a continuous curve in
g, Lemma 3.16 implies that limh→0
1
hπ(ξt+h − ξt)(ψt+h − ψt) = π(ξ
′
t)(0) = 0.
Since ddtπ(ξt)ψt = π(ξ
′
t)ψt+π(ξt)ψ
′
t, strong (or weak) continuity of the derivative
follows directly from Lemma 3.16.
The following product rule results from Lemma 3.17 by induction.
Proposition 3.18. (Product rule) Suppose that (π, V ) is a continuous unitary
representation of a barrelled Lie algebra g. Let t 7→ ξt be a C
n-curve in g, and
let t 7→ ψt be a C
n-curve in V for the strong (weak) topology, with n ∈ N∪{∞}.
Then t 7→ π(ξt)ψt is a C
n-curve in V for the strong (weak) topology, and for
all k ≤ n, we have
dk
dtk
π(ξt)ψt =
k∑
t=0
(
k
t
)
π(ξ
(t)
t )ψ
(k−t)
t .
The following completeness result for the space of smooth vectors will not
be needed for the globalisation result towards which we are working, but is of
general interest.
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Proposition 3.19. (Completeness of H∞) Let G be a regular Lie group mod-
elled on a Fre´chet–Lie algebra g. Then for any smooth unitary G-representation
(ρ,H), the space H∞ of smooth vectors is complete for the weak (and hence for
the strong) topology derived from the g-representation (dρ,H∞).
Proof. Suppose that (ψα)α∈S is a Cauchy net in H
∞ for the weak topology
derived from (dρ,H∞) (which is certainly the case if it is Cauchy for the strong
topology). Then for each ξ ∈ gn, the net dρn(ξ)ψα is Cauchy in H, hence
converges to some ψξ ∈ H in norm. We need to show that ψ1 is a smooth
vector. Consider (ξn, . . . , ξ1) ∈ g
n, and note that the limits ψ1 := limψα and
ψξk...ξ1 = lim dρ(ξk) . . .dρ(ξ1)ψα (2)
exist in H for 1 ≤ k ≤ n. Since G is regular, the map t 7→ ρ(exp(tξk)) is a
continuous one-parameter group of unitary operators (w.r.t. the strong topology
on U(H)) whose selfadjoint generator Xξk restricts to −idρ(ξk) on H
∞. In
particular, the operators dρ(ξk) are closable, so existence of the limit (2) and
closedness of iXξk+1 implies ψξk+1...ξ1 = iXξk+1ψξk...ξ1 . One then proves by
induction that ψξn...ξ1 = i
nXξn . . .Xξ1ψ1.
In order to prove that ψ1 ∈ H
∞, we show that the map
Ωψ1 : gn → H, Ωψ1(ξn, . . . , ξ1) := i
nXξn . . .Xξ1ψ1
is n-linear and continuous. It is linear in each ξk because
ψξn...(sξk+tξ′k)...ξ1 = limα∈S
sdρ(ξn . . . ξk . . . ξ1)ψα + lim
α∈S
tdρ(ξn . . . ξ
′
k . . . ξ1)ψα
is the sum of two nets converging to sψξn...ξk...ξ1 and tψξn...ξ′k...ξ1 . We show that
Ωψ1 is separately continuous by means of a uniform boundedness argument. Let
uα : g→ H be defined by
uα(ξ) := dρ(A)dρ(ξ)dρ(B)ψα where A = ξn . . . ξk+1, B = ξk−1 . . . ξ1
are fixed elements of UC(g). Since ψα ∈ H
∞, continuity of (dρ,H∞) (cf. Re-
mark 3.8) implies that the uα are continuous, and the set H := {uα ; α ∈ S}
is pointwise bounded because for each fixed ξ ∈ g, the net uα(ξ) is norm-
convergent. Since g is barrelled, the Banach–Steinhaus Theorem [Bo50, Thm. 1]
implies thatH is equicontinuous; for every ε > 0, there exists a 0-neighbourhood
U ⊆ g such that ξ ∈ U implies ‖dρ(A)dρ(ξ)dρ(B)ψα‖ ≤ ε uniformly for all
α ∈ S. It follows that for ξ ∈ U , also the limit for α ∈ S satisfies ‖ψA·ξ·B‖ ≤ ε.
Since g is a Fre´chet space, separate continuity of the n-linear map Ωψ1 implies
joint continuity [Ru91, Thm. 2.17], so we may conclude from [Ne10b, Lemma
3.4] that ψ1 is a smooth vector, hence H
∞ is complete.
3.2.2 Regular Lie algebra representations
Let G be a regular Lie group modelled on a barrelled Lie algebra g. We will
show that a unitary Lie algebra representation (π, V ) of g globalises to a smooth
representation of the universal cover G˜0 of the connected 1-component G0 of G
if and only if it is weakly or strongly regular in the following sense.
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Definition 3.20. (Regular representations) We call a unitary Lie algebra rep-
resentation (π, V ) strongly (weakly) regular if it is continuous (cf. Definition 3.7)
and if for every smooth function ξ : [0, 1]→ g, the differential equation
d
dtψt = π(ξt)ψt (3)
with initial condition ψ|t=0 = ψ0 has a smooth solution in V whose value in 1
depends smoothly on the path ξ ∈ C∞([0, 1], g), where V is equipped with the
strong (weak) topology (cf. Definition 3.9).
Remark 3.21. (Uniqueness of solutions) Solutions to (3) are automatically
unique if they exist; if both ψt and ψ˜t are solutions, then by continuity (hence
smoothness) of 〈 · , · 〉 and skew-symmetry of π(ξt), we have
d
dt
〈ψt, ψ˜t〉 = 〈π(ξt)ψt, ψ˜t〉+ 〈ψt, π(ξt)ψ˜t〉 = 0.
Since ‖ψt‖
2 = ‖ψ˜t‖
2 = 〈ψt, ψ˜t〉 holds for t = 0, it holds for all t, hence ψt = ψ˜t.
We first prove that all derived representations are regular. The first step is
the following lemma, which reaches a slightly stronger statement than Proposi-
tion 3.13 if π is derived from a group representation.
Lemma 3.22. (Weak and strong continuity of orbit maps) If (ρ,H) is a smooth
unitary representation of a locally convex Lie group G, then, for every ψ ∈ H∞,
the map ρψn : g
n×G→ H∞ given by ρψn (ξ, g) := dρn(ξ)ρ(g)ψ is both weakly and
strongly continuous.
In order to prove the ‘strong’ part of Lemma 3.22, we need the following
proposition.
Proposition 3.23. (C1-estimate) Let X and E be locally convex vector spaces,
U ⊆ X open, k ∈ N, and f : U ×Ek → H a C1-map such that f(u, · ) : Ek → H
is k-linear for each u ∈ U . Then for each x ∈ U , there exists a continuous
seminorm ‖ · ‖p on X with B
1
p(x) ⊆ U , and a continuous seminorm ‖ · ‖q on
E such that
‖f(y, ξ1, . . . , ξk)− f(x, ξ1, . . . , ξk)‖ ≤ ‖y − x‖p‖ξ1‖q . . . ‖ξk‖q (4)
for all y ∈ B1p(x) and (ξ1, . . . , ξk) ∈ E
k.
Proof. This proposition, as well as its proof, is taken from [Gl07, Lemma 1.6(b)].
Since Df : (U ×Ek)× (X×Ek)→ H is continuous and Df(x, 0, 0, 0) = 0, there
exists a seminorm p on X such that the unit ball Bp1 (x) around x is contained
in U , and a seminorm q on E such that
‖Df(y, ξ1, . . . , ξk, z, η1, . . . , ηk)‖ ≤ 1 (5)
for all y ∈ Bp1(x) ⊆ U and z ∈ B
p
1 (0) ⊆ X , and for ξj , ηj ∈ B
q
1(0) ⊆ E with
1 ≤ j ≤ k. By linearity in z, this implies
‖Df(y, ξ1, . . . , ξk, z, 0, . . . , 0)‖ ≤ ‖z‖p (6)
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for y ∈ Bp1(x), ξj ∈ B
q
1(0) and z ∈ X . We now use the Mean Value Theorem to
write
f(y, ξ1, . . . ξk)−f(x, ξ1, . . . ξk) =
∫ 1
0
Df(x+ t(y−x), ξ1, . . . , ξk, y−x, 0, . . . , 0)dt
for y ∈ Bp1 (x) and ξj ∈ B
q
1(0). By (6), the integrand is bounded by ‖y− x‖p in
norm, so we obtain
‖f(y, ξ1, . . . ξk)− f(x, ξ1, . . . ξk)‖ ≤ ‖y − x‖p
for y ∈ Bp1 (x), ξj ∈ B
q
1(0). Equation (4) now follows from k-linearity of the map
f(y, · )− f(x, · ) : Ek → H .
We proceed with the proof of Lemma 3.22.
Proof. We first prove weak continuity: since the map ρψm+n is norm-continuous,
so is the map dρm(ξ0)ρ
ψ
n for every fixed ξ0 ∈ g
m. This implies that ρψn is
continuous for every norm pξ0 , hence weakly continuous.
To prove the strong continuity, we need to exhibit, for every (ξ, g) ∈ gn×G,
every bounded set B ⊆ gm and every ε > 0, an open neighbourhoodW ⊆ gn×G
of (ξ, g) such that for all (ξ′, g′) ∈W , we have pB(ρ
ψ
n (ξ
′, g′)− ρψn (ξ, g)) ≤ ε.
We apply Lemma 3.23 with k = m, E = g, X = gn × g, and U ⊆ gn × g
a coordinate patch corresponding with an open neighbourhood U ′ of (ξ, g) in
gn×G, for which (ξ, g) ∈ U ′ is represented by x ∈ U . Considering the restriction
of the smooth map ρψn+m : g
m×gn×G→ H to gm×U ′ and identifying U ′ with
U , we find continuous seminorms ‖ · ‖q on g and ‖ · ‖p on g
n × g such that for
ξ0 = (ξ1, . . . , ξm) ∈ g
m and (ξ′, g′) ∈ U ′, we have
‖dρm(ξ0)dρn(ξ
′)ρ(g′)ψ − dρm(ξ0)dρn(ξ)ρ(g)ψ‖ ≤ ‖x
′ − x‖p‖ξ1‖q . . . ‖ξm‖q ,
where x′ ∈ U is the coordinate of (ξ′, g′). Let Bq1(0) ⊆ g be the open unit ball
w.r.t. the seminorm ‖ · ‖q, and let U0 := B
q
1(0)
m ⊆ gm. Since B is bounded, we
can choose λ ≥ 1 such that B ⊆ λU0. Then ξ0 ∈ B implies that ξ˜0 := λ
−1ξ0 ∈
U0, so that, since dρm is m-linear,
‖dρm(ξ0)dρn(ξ
′)ρ(g′)ψ − dρm(ξ0)dρn(ξ)ρ(g)ψ‖
= λm‖dρm(ξ˜0)dρn(ξ
′)ρ(g′)ψ − dρm(ξ˜0)dρn(ξ)ρ(g)ψ‖ ≤ λ
m‖x′ − x‖p
for ξ0 ∈ B, (ξ
′, g′) ∈ U ′. Choosing the open neighbourhood W ⊆ U ′ corre-
sponding to the open ball Bpλ−mε(x) ⊆ U around x with radius λ
−mε w.r.t.
‖ · ‖p, we have
‖dρm(ξ0)dρn(ξ
′)ρ(g′)ψ − dρm(ξ0)dρn(ξ)ρ(g)ψ‖ ≤ ε
uniformly for ξ0 ∈ B, (ξ
′, g′) ∈ W , so that, pB(ρ
ψ
n(ξ
′, g′) − ρψn(ξ
′, g′)) ≤ ε for
(ξ′, g′) ∈ W as desired.
Using Lemma 3.22, we now prove that the orbit map is smooth.
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Lemma 3.24. (Smooth orbit maps) If (ρ,H) is a smooth unitary representa-
tion of a locally convex Lie group G, then for every ψ ∈ H∞, the orbit map
ρψ : G→ H∞, defined by ρψ(g) := ρ(g)ψ, is smooth for the weak and strong
topology on H∞.
Proof. The orbit map is smooth for the norm topology on H∞ by definition,
so for each ψ ∈ H∞, the maps gm × gn × G → H∞ defined by (ξ0, ξ, g) 7→
dρm(ξ0)dρn(ξ)ρ(g)ψ are smooth, as the restrictions to g
m × gm × G of the
(m+ n)th derivative of the orbit map. It follows from this that the maps
ρψn : g
n ×G→ H∞, ρψn(ξ, g) := dρn(ξ)ρ(g)ψ (7)
are C1 for the weak topology; for fixed ξ0 ∈ g
m and for every smooth curve
t 7→ (ξt, γt) in g
n ×G, we have
lim
h→0
dρm(ξ0)
1
h
(
ρψn(ξt+h, γt+h)− ρ
ψ
n(ξt, γt)
)
= dρm(ξ0)
(
dρn(ξ
′
t)ρ(γt)ψ + dρn(ξt)dρ(δ
R
t γ)ρ(γt)ψ
)
w.r.t. the norm topology, where, if ξt = (ξ1(t), . . . , ξn(t)), the expression ξ
′
t
should be understood as
ξ′t =
(
ξ′1(t), ξ2(t), . . . , ξn(t)
)
+ . . .+
(
ξ1(t), . . . , ξn−1(t), ξ
′
n(t)
)
.
Therefore, the directional derivatives w.r.t. the norms pξ0 exist and are linear
combinations of maps of the type ρψn and ρ
ψ
n+1. Since these are continuous in
the weak topology by Lemma 3.22, the desired C1-property follows.
For n = 0, this shows that ρψ : G → H∞ is C1 for the weak topology, and
that Dρψ : TG→ H∞ is the map ρψ1 under the identification TG ≃ G×g. If ρ
ψ
is Cn for the weak topology and its nth derivative corresponds to a sum of maps
of type ρψr under the identification T
(n)G ≃ G ×
∏n−1
k=0 g
2k , then the same is
true for n+1 because maps of type ρnr are C
1 with derivatives of the same type.
By induction, it follows that the orbit map is smooth for the weak topology.
For the strong topology, fix a smooth curve t 7→ (ξt, γt) in g
n ×G, and use
Taylor’s Theorem to see that for a bounded set B ⊆ gm, the difference
∆h := sup
ξ0∈B
∥∥∥dρm(ξ0) 1h(dρn(ξt+h)ρ(γt+h)− dρn(ξt)ρ(γt))ψ
− dρm(ξ0)
(
dρn(ξ
′
t) + dρn(ξt)dρ(δ
R
t γt)
)
ρ(γt)ψ
∥∥∥
for h 6= 0 is bounded by the remainder term involving the second derivative,
∆h ≤ |h| sup{Cξ0,s ; ξ0 ∈ B, s ∈ [−h, h]} ,
with Cξ0,s the norm of the second derivative at t+ s,
Cξ0,s :=
∥∥∥dρm(ξ0)(dρn(ξ′′t+s) + 2dρn(ξ′t+s)dρ(δRt+sγ)
+dρn(ξ)dρ(δ
Rγ′t+s) + dρn(ξ)dρ(δ
Rγt+s)
2
)
ρ(γt+s)ψ
∥∥∥ .
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Since the map (ξ0, s) 7→ Cξ0,s is continuous in ξ0 and s, and positively homo-
geneous in ξ0, there exists an ε > 0 such that Cξ0,s is bounded on B × [−ε, ε],
say by C > 0. Since ∆h ≤ |h| · C uniformly for ξ ∈ B (subject to |h| < ε), we
see that the directional derivative
d
dt
dρn(ξt)ρ(γt)ψ =
(
dρn(ξ
′
t) + dρn(ξt)dρ(δ
Rγt)
)
ρ(γt)ψ
exists for the strong topology, and that the result is continuous by Lemma 3.22.
It follows that the maps ρψn are C
1 for the strong topology. The proof that the
orbit map is smooth for the strong topology is then the same as for the weak
topology.
Proposition 3.25. (Derived representations are regular) Let (ρ,H) be a smooth
unitary representation of a regular locally convex Lie group G. Then the derived
representation (dρ,H∞) is strongly (hence weakly) regular.
Proof. The derived representation is continuous by Remark 3.8, so it remains to
show that equation (3) has a smooth solution t 7→ ψt that depends smoothly on
the path ξ ∈ C∞([0, 1], g). Since G is regular, the ODE δRt γt = ξt with γ0 = 1
has a smooth solution t 7→ γt in G, which depends smoothly on the path ξ.
Since the orbit map ρψ : G → H∞ defined by ρψ(g) = ρ(g)ψ is smooth w.r.t.
the weak as well as the strong topology (Lemma 3.24), the path ψt = ρ(γt)ψ
is smooth in H∞ for the weak and strong topology, with derivative dρ(δRt γ)ψt
as desired. Since γ1 depends smoothly on the path t 7→ ξt and ρ(γ1)ψ depends
smoothly on γ1, the derived representation is regular.
Proposition 3.26. (Regular implies integrable) If G is a 1-connected Lie
group modelled on a barrelled Lie algebra g, then every unitary g-representation
(π, V ) that is either weakly or strongly regular integrates to a smooth unitary G-
representation on the Hilbert completion HV of V , and V ⊆ HV is G-invariant.
Proof. For ψ ∈ V , we wish to define ρ(g)ψ as the solution of ddtψt = π(δ
R
t gt)ψt
with ψ0 = ψ, where t 7→ gt is a smooth path in G with g0 = 1, g1 = g, and
‘sitting instants’. We need to show that this definition is independent of the
choice of path.
First of all, since G is simply connected, any pair (g0t , g
1
t ) of such paths is con-
nected by an endpoint preserving homotopy γ : [0, 1]2 → G. We show that γ can
be chosen to be smooth. Indeed, since the paths have sitting instants, g1(g0)−1
is an element of the Lie group C∞∗ (S
1, G) of smooth based paths in G. Since G
is simply connected, C∗(S
1, G) is connected, hence C∞∗ (S
1, G) is connected by
[Ne02, Thm. A.3.7]. We can thus find a smooth path Γ: [0, 1]→ C∞∗ (S
1, G) from
1 to g1(g0)−1. This yields an endpoint preserving homotopy γ(s, t) := Γ(s)tg
0
t ,
which is smooth by [Gl04, Prop. 12.2(a)].
We now use the Maurer–Cartan equation to show that the solution to
∂tψ
s
t = π(δ
R
t γ
s
t )ψ
s
t (8)
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with initial value ψs0 = ψ satisfies ∂sψ
s
1 = 0, so that the endpoint ψ
s
1 does not
depend on s. Since the smooth path [0, t] → G defined by τ 7→ γsτ depends
smoothly on t and s, so does the g-valued smooth path [0, t] → g given by
τ 7→ δRτ γ
s
τ . By regularity of π, the solution ψ
s
t ∈ V of (8) also varies smoothly
in s and t. Using the Maurer–Cartan equation (1), the evolution equation (8)
and the Product Rule 3.18 (which uses that g is barrelled), we obtain
∂s∂tψ
s
t = π(∂sδ
R
t γ
s
t )ψ
s
t + π(δ
R
t γ
s
t )∂sψ
s
t
= π(∂tδ
R
s γ
s
t )ψ
s
t + π([δ
R
s γ
s
t , δ
R
t γ
s
t ])ψ
s
t + π(δ
R
t γ
s
t )∂sψ
s
t
=
(
π(∂tδ
R
s γ
s
t )ψ
s
t + π(δ
R
s γ
s
t )π(δ
R
t γ
s
t )ψ
s
t
)
+
(
π(δRt γ
s
t )∂sψ
s
t − π(δ
R
t γ
s
t )π(δ
R
s γ
s
t )ψ
s
t
)
= ∂t
(
π(δRs γ
s
t )ψ
s
t
)
+ π(δRt γ
s
t )
(
∂sψ
s
t − π(δ
R
s γ
s
t )ψ
s
t
)
(derivatives are w.r.t. the strong or weak topology), so, since ∂t∂sψ
s
t = ∂s∂tψ
s
t ,
we find
∂t
(
∂sψ
s
t − π(δ
R
s γ
s
t )ψ
s
t
)
= π(δRt γ
s
t )
(
∂sψ
s
t − π(δ
R
s γ
s
t )ψ
s
t
)
.
Since both ψs0 = ψ and γ
s
0 = 1 are constant, ∂sψ
s
t − π(δ
R
s γ
s
t )ψ
s
t satisfies the
evolution equation (8) with initial condition zero, hence is identically zero by
uniqueness (cf. Remark 3.21). We thus have
∂sψ
s
t = π(δ
R
s γ
s
t )ψ
s
t , (9)
so that in particular ∂sψ
s
1 = 0 and ρ(g)ψ is well defined.
The maps ρ(g) are linear and unitary (cf. Remark 3.21), and g 7→ ρ(g)ψ is
smooth by regularity of G and π. To show that ρ(gh) = ρ(g)ρ(h), we observe
that the concatenation ct of the paths h2t and g2t−1h1 is a smooth path from
1 to gh if we choose gt and ht to have ‘sitting instants’. The solution of the
evolution equation ddtψt = π(δ
R
t ct)ψt is then given by ψt = ρ(h2t) for t ∈ [0,
1
2 ]
and ψt = ρ(g2t−1)ρ(h1)ψ for t ∈ [
1
2 , 1], so evaluation in t = 1 yields ρ(gh)ψ =
ρ(g)ρ(h)ψ.
Combining Propositions 3.4, 3.25 and 3.26, we obtain the following charac-
terisation of smooth unitary representations.
Theorem 3.27. (Correspondence global/infinitesimal representations) Let G
be a 1-connected regular Lie group modelled on a barrelled Lie algebra g. Then
every smooth unitary representation (ρ,H) of G gives rise to a derived Lie al-
gebra representation (dρ,H∞) which is both weakly and strongly regular. Con-
versely, every unitary g-representation (π, V ) that is either weakly or strongly
regular integrates to a smooth unitary G-representation. Two G-representations
are unitarily equivalent if and only if their derived g-representations are unitarily
equivalent.
Corollary 3.28. (Equivalence weak and strong regularity) Let G be a regular
Lie group modelled on a barrelled Lie algebra g. Then a unitary g-representation
(π, V ) is weakly regular if and only if it is strongly regular.
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Proof. If (π, V ) is either weakly or strongly regular, then it integrates to a
smooth G-representation, so it is both weakly and strongly regular by Proposi-
tion 3.25.
4 Projective unitary representations and cen-
tral extensions
Every smooth unitary representation of a locally convex Lie group G gives rise
to a smooth projective unitary representation, and we will call a projective
representation linear if it is of this form. Although not every smooth projective
unitary representations of G is linear, we will now show that it can always be
viewed as a smooth linear representation for a central extension of G by the
circle group T. We prove that smooth projective unitary representations of a
locally convex Lie group G give rise to smooth linear unitary representations
of a central Lie group extension G♯ of G, and hence to a representation of the
central Lie algebra extension g♯ of g. Just like in the finite dimensional case, no
information is lost in this transition if G is connected.
Definition 4.1. (Central Lie group extensions) A central extension of G by T
is an exact sequence
1→ T→ Ĝ→ G→ 1
of locally convex Lie groups such that the image of T is central in Ĝ and Ĝ→ G
is a locally trivial principal T-bundle. An isomorphism Φ: Ĝ → Ĝ′ of central
T-extensions is an isomorphism of locally convex Lie groups that induces the
identity maps on G and T.
Given a continuous projective unitary representation (ρ,H) of G, the mor-
phism
G♯ := {(g, U) ∈ G×U(H) : ρ(g) = U} → G, (g, U) 7→ g
defines a central T-extension of topological groups. Its continuous unitary rep-
resentation
ρ̂ : G♯ → U(H), (g, U) 7→ U
reduces to z 7→ z1 on T, hence induces ρ on G. To show that G♯ is a locally
convex Lie group if (ρ,H) is smooth, we need the notion of (local) lifts.
Definition 4.2. (Lifts and cocycles) Let (ρ,H) be a smooth projective unitary
representation of G. A lift of ρ over a symmetric 1-neighbourhood U1 ⊆ G is
a function ρ : U1 → U(H) with ρ(1) = 1 and ρ(g) = ρ(g) for every g ∈ U1. If
V1 ⊆ U1 is a symmetric 1-neighbourhood such that g, h ∈ V1 implies gh ∈ U1,
then the local 2-cocycle f : V1 × V1 → T, defined by
ρ(g)ρ(h) = f(g, h)ρ(gh) for all g, h ∈ V1, (10)
measures the failure of ρ to be a local group homomorphism.
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If two lifts ρ and ρ′ differ by a smooth function (a local 1-cocycle) β : U1 → T
(and this will be the case for the lifts considered below), the corresponding local
2-cocycles f and f ′ differ by the local coboundary δβ : V1 ×V1 → T, defined by
δβ(g, h) := β(g)β(h)β(gh)−1. Note that β(1) = 1, and f(g,1) = f(1, g) = 1 for
all g ∈ V1.
Theorem 4.3. (G♯ as a locally convex Lie group) Let (ρ,H) be a projective
unitary representation of a connected locally convex Lie group G. Suppose that
[ψ] ∈ P(H) is smooth. Then the following assertions hold:
(i) The subset Uψ := {g ∈ G : ρ(g)[ψ] 6⊥ [ψ]} is an open symmetric neighbour-
hood of 1 in G. For g ∈ Uψ, let ρψ(g) ∈ U(H) be the unique lift of ρ(g)
with 〈ψ, ρψ(g)ψ〉 > 0. Then the map Uψ → H defined by g 7→ ρψ(g)ψ is
smooth and ρψ(g
−1) = ρψ(g)
−1 for g ∈ Uψ.
(ii) The central T-extension G♯ of G carries a natural Lie group structure for
which the map τψ : Uψ × T → G
♯ defined by (g, z) 7→ (g, ρψ(g)z) is a T-
equivariant diffeomorphism onto an open subset of G♯. This turns G♯ into
a locally convex principal T-bundle over G.
(iii) The vector ψ has a smooth orbit map under the unitary representation
(ρ̂,H) of G♯.
(iv) If ϕ ∈ H is such that 〈ψ, ϕ〉 6= 0 and [ϕ] ∈ P(H)∞, then ϕ is a smooth
vector for ρ̂, and the Lie group structures on G♯ obtained from [ϕ] and [ψ]
coincide.
(v) If P(H)∞ is dense in P(H), then the Lie group structure on G♯ does not
depend on the choice of [ψ] ∈ P(H)∞. Moreover, we have P(H)∞ =
P(H∞), that is, a vector ϕ ∈ H\{0} is smooth for ρ̂ if and only if its ray
[ϕ] is smooth for ρ.
Proof. (i): We may assume that ‖ψ‖ = 1. On the open subset
Vψ := {[ϕ] ∈ P(H) : |〈ψ, ϕ〉| 6= 0} = {[ψ + u] : u ∈ ψ
⊥}
which is diffeomorphic to ψ⊥, we have a unique smooth map σψ : Vψ → H with
‖σψ([ϕ])‖ = 1 and 〈ψ, σψ([ϕ])〉 > 0 for [ϕ] ∈ Vψ. (11)
It satisfies σψ([ψ+u]) =
ψ+u
‖ψ+u‖ for u ∈ ψ
⊥. Since [ψ] has a continuous orbit map,
Uψ is an open 1-neighbourhood in G. For g ∈ Uψ, there exists a unique ρψ(g) ∈
U(H) with ρψ(g) = ρ(g) and 〈ψ, ρψ(g)ψ〉 > 0. Then ρψ(g)ψ = σψ(ρ(g)[ψ])
shows that the map Uψ → H defined by g 7→ ρψ(g)ψ is smooth. For g ∈ Uψ,
the relation 〈ψ, ρψ(g)
−1ψ〉 = 〈ρψ(g)ψ, ψ〉 > 0 implies that g
−1 ∈ Uψ with
ρψ(g
−1) = ρψ(g)
−1.
(ii) and (iii): It follows from (i) that, in particular, the map G × G → C,
defined by
(g, h) 7→ 〈ψ, ρψ(g)ρψ(h)ψ〉 = 〈ρψ(g)
−1ψ, ρψ(h)ψ〉 = 〈ρψ(g
−1)ψ, ρψ(h)ψ〉
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is smooth in a neighbourhood of (1,1), so that (ii) and (iii) follow from [Ne10a,
Thm. A.4].
(iv) Let U ⊆ Uψ ⊆ G be an open symmetric 0-neighbourhood such that
ρ(g)[ϕ] ∈ Vψ for all g ∈ U . We have to show that the map
U → H, g 7→ ρ̂(g, ρψ(g))ϕ = ρψ(g)ϕ
is smooth. Define α(g) ∈ T by
ρψ(g)ϕ = α(g)σψ(ρ(g)[ϕ]).
In view of the smoothness of σψ, it suffices to show that α is smooth. As
〈ψ, σψ(ρ(g)[ϕ])〉 > 0 and |α(g)| = 1, we have
α(g) =
〈ψ, ρψ(g)ϕ〉
|〈ψ, ρψ(g)ϕ〉|
.
Further, the relation ρψ(g)
−1 = ρψ(g
−1) shows that the function
U → C, g 7→ 〈ψ, ρψ(g)ϕ〉 = 〈ρψ(g
−1)ψ, ϕ〉
is smooth. This proves that ϕ is a smooth vector for ρ̂.
The Lie group structure on G♯ constructed from [ψ] has the property that
the map
τψ : Uψ × T→ G
♯, (g, z) 7→ (g, ρψ(g)z)
is a local diffeomorphism. Let ρψ and ρϕ denote lifts of ρ in an open symmetric
identity neighbourhood U ⊆ Uϕ such that 〈ψ, ρψ(g)ψ〉 > 0 and 〈ϕ, ρϕ(g)ϕ〉 > 0.
Write ρψ(g) = βψ,ϕ(g)ρϕ(g) with βψ,ϕ(g) ∈ T. We have to show that βϕ,ψ is
smooth. We have seen above that the function
g 7→ 〈ϕ, ρψ(g)ϕ〉 = βψ,ϕ(g)〈ϕ, ρϕ(g)ϕ〉
is smooth. Since 〈ϕ, ρϕ(g)ϕ〉 = |〈ϕ, ρψ(g)ϕ〉|, it follows that
βψ,ϕ(g) =
〈ϕ, ρψ(g)ϕ〉
|〈ϕ, ρψ(g)ϕ〉|
is also smooth. This completes the proof of (iv).
(v) If [ϕ] ∈ P(H)∞, then the density of P(H)∞ implies the existence of an
element [χ] ∈ P(H)∞ with 〈ψ, χ〉 6= 0 6= 〈ϕ, χ〉. Then (iv) implies that the Lie
group structure on G♯ does not depend on the choice of [ψ] and that ϕ is a
smooth vector for ρ̂.
Remark 4.4. (Equivariance of lifts) Suppose that, in the context of the pre-
ceding theorem, we fix a smooth ray [ψ] ∈ P(H), g ∈ G and a lift ρ(g) of
ρ(g) ∈ PU(H). Then
Uρ(g)ψ = gUψg
−1 and ρρ(g)ψ(ghg
−1) = ρ(g)ρψ(h)ρ(g)
−1 , (12)
because 〈ρ(g)ψ, (ρ(g)ρψ(h)ρ(g)
−1)ρ(g)ψ〉 > 0.
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The following corollary allows us to consider projective smooth unitary rep-
resentations as linear representations of a central extension, even if the group
is not connected.
Corollary 4.5. (Projective G-rep’s ↔ linear G♯-rep’s) Let (ρ,H) be a smooth
projective unitary representation of a locally convex Lie group G. Then there
exists a central Lie group extension
T→ G♯ → G
and a smooth unitary representation ρ̂ of G♯ such that ρ̂(z) = z1 on T and
ρ is the corresponding projective unitary representation. Moreover, (ρ′,H′) is
unitarily equivalent to (ρ,H) if and only if there exists a unitary transformation
U : H → H′ and an isomorphism Φ: G♯ → G♯′ of central Lie group extensions
such that U ◦ ρ̂(g) = ρ̂′(Φ(g)) ◦ U for g ∈ G♯.
Proof. Let G0 ⊆ G be the identity component of G. We endow G
♯
0 with the
Lie group structure from Theorem 4.3. Note that [ψ] ∈ P(H) is smooth for ρ if
and only if it is smooth for ρ|G0 , so that Theorem 4.3(v) implies that P(H)
∞ =
P(H∞), where H∞ is the space of smooth vectors for the representation ρ̂ of G♯0.
It remains to show that the Lie group structure on the normal subgroup
G♯0 of G
♯ extends to a Lie group structure on G♯. We have to show that,
for (h,W ) ∈ G♯, the corresponding conjugation automorphism c(h,W ) of G
♯
0 is
smooth in an identity neighbourhood. The manifold structure on G♯0 is obtained
from product maps
U × T→ G♯0, (g, z) 7→ (g, ρψ(g)z),
where [ψ] ∈ P(H)∞ and ρψ(g) ∈ U(H) is specified by 〈ψ, ρψ(g)ψ〉 > 0. In view
of
(h,W )(g, ρψ(g)z)(h,W )
−1 = (hgh−1,Wρψ(g)W
−1z),
the smoothness of c(h,W ) in an identity neighbourhood is equivalent to the
smoothness of the map
g 7→ β(g) := ρψ(hgh
−1)−1Wρψ(g)W
−1 ∈ T
in a 1-neighbourhood of G. For ϕ := Wψ we have [ϕ] = ρ(h)[ψ] ∈ P(H)∞.
Further, ρϕ(g) := Wρψ(g)W
−1 satisfies ρϕ(g) = ρ(hgh
−1) and 〈ρϕ(g)ϕ, ϕ〉 =
〈ρψ(g)ψ, ψ〉 > 0. Therefore the smoothness of β in an identity neighbourhood
follows as in the proof of Theorem 4.3(v). It is clear that the space of smooth
vectors for ρ̂ and ρ̂|G♯
0
is the same.
To prove the final statement, note that if U : H → H′ is a unitary intertwiner
between (ρ,H) and (ρ′,H′), then
Φ: G♯ → G♯′, (g, V ) 7→ (g, UV U−1)
is a continuous isomorphism of central extensions satisfying ρ̂(Φ(g)) ◦ U =
U ◦ ρ̂(g). Since the lifts ρ′Uϕ and ρψ from Theorem 4.3(i) satisfy ρ
′
Uψ(g) =
Uρψ(g)U
−1, we obtain τ ′Uψ = Φ ◦ τψ for the local trivialisations τψ and τ
′
Uψ of
Theorem 4.3(ii). It follows that Φ is smooth.
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Remark 4.6. (Identical cocycles) If U : H → H′ is an isometric intertwiner
from (ρ,H) to (ρ′,H′), then the local 2-cocycles fψ and fUψ derived from the
local lifts ρψ and ρ
′
Uψ (cf. Definition 4.2) are not only cohomologous, but actually
identical.
In order to classify smooth projective unitary representations of G, one first
classifies the central T-extensions Ĝ → G up to isomorphism, and then deter-
mines the smooth unitary representations of each Ĝ (with the property that
ρ(z) = z1 for z ∈ T) up to unitary equivalence. One then obtains all smooth
projective unitary representations, but there is a slight redundancy in this de-
scription. Indeed, unitary Ĝ-representations that differ by a character χ : G→ T
clearly give rise to the same projective G-representation, but need not be unitar-
ily equivalent as Ĝ-representations. For connected Lie groups G with a perfect
Lie algebra g, this redundancy vanishes because all characters are trivial.
Proposition 4.7. (Linear representations modulo characters) Let (ρ̂,H) and
(ρ̂′,H′) be smooth unitary representations of the same central T-extension Ĝ,
with ρ̂(z) = ρ̂′(z) = z1 for z ∈ T. Then they give rise to unitarily equiva-
lent projective unitary G-representations if and only if there exists a unitary
transformation U : H → H′ and a smooth character χ : G→ T such that
ρ̂′(ĝ) = χ(g) · Uρ̂(ĝ)U−1 for Ĝ ∋ ĝ 7→ g ∈ G.
If, moreover, the Lie algebra g of G is a topologically perfect, then χ factors
through a character χ0 : π0(G)→ T.
Proof. If Φ: Ĝ→ Ĝ is an automorphism of a central T-extension Ĝ→ G, then
it is in particular an automorphism of principal T-bundles, hence of the form
Φ(ĝ) = ĝ · χ(ĝ) for a smooth T-equivariant map χ̂ : Ĝ → T. Moreover, χ̂ must
be a group homomorphism because Φ is. Since Φ(z) = z for z ∈ T, we have
χ̂(z) = 1, so that χ̂ factors through a smooth character χ : G → T. The first
part of the proposition now follows from Corollary 4.5. Since dχ : g → R is
a continuous Lie algebra homomorphism, it vanishes on [g, g]. Thus, if g is
topologically perfect, χ is locally constant, hence factors through a character
χ : π0(G)→ T.
5 Smoothness of projective representations
In this section, we provide further background on the notion of smoothness for
a projective unitary representation (ρ,H) of a locally convex Lie group G. In
Subsection 5.1 we obtain effective criteria for the smoothness of a ray [ψ] ∈ P(H),
and in Subsection 5.2 we determine the structure of the set P(H)∞ of smooth
rays.
5.1 Smoothness criteria
The following useful smoothness criterion for unitary representations is proven
in [Ne10b, Thm. 7.2].
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Theorem 5.1. (Linear smoothness criterion) A vector ψ ∈ H is smooth for a
unitary representation (ρ,H) if and only if the map G → C, g 7→ 〈ψ, ρ(g)ψ〉 is
smooth in a neighbourhood of 1 ∈ G.
In particular, a unitary representation is smooth if it possesses a cyclic vector
Ω ∈ H such that G→ C, g 7→ 〈Ω, ρ(g)Ω〉 is smooth in a neighbourhood of 1 ∈ G.
For projective unitary representations, Theorem 5.1 generalises as follows.
Theorem 5.2. (Projective smoothness criterion) A ray [ψ] ∈ P(H) is smooth
for a projective unitary representation (ρ,H) if and only if the transition prob-
ability
G→ R, g 7→ p([ψ] ; ρ(g)[ψ])
is smooth in a neighbourhood of 1 ∈ G and if, moreover, the local cocycle fψ
(which is then defined) is smooth in a neighbourhood of (1,1) ∈ G×G.
Proof. Since continuity at 1 of either the orbit map or the transition probability
imply the existence of a 1-neighbourhood U1 ⊆ G with ρ(g)[ψ] 6⊥ [ψ] for g ∈ U1,
the lift ρψ(g) of ρ(g) is defined on U1 by the requirement 〈ψ, ρψ(g)ψ〉 > 0.
Under either assumption, then, the local cocycle fψ : U1 × U1 → T of Def-
inition 4.2 is defined. By equivariance, a ray [ψ] ∈ P(H) is smooth if and
only if the orbit map G → P(H), g 7→ ρ(g)[ψ] is smooth in a neighbour-
hood U1 of 1 ∈ G, which is the case if and only if U1 → H, g 7→ ρψ(g)ψ
is smooth (see the proof of Theorem 4.3(i)). By [Ne10b, Thm. 7.1], this is
the case if and only if U1 × U1 → C, (g, h) 7→ 〈ρψ(g)ψ, ρψ(h)ψ〉 is smooth.
If ‖ψ‖ = 1, then this equals fψ(g
−1, h)〈ψ, ρψ(g
−1h)ψ〉, which in turn can be
written fψ(g
−1, h)
√
p([ψ], ρ(g−1h)[ψ]). The theorem follows.
This criterion yields the following effective method to prove smoothness of
projective unitary representations.
Corollary 5.3. (Smoothness of projective representations) A projective unitary
representation (ρ,H) is smooth if it possesses a cyclic vector Ω ∈ H such that
g 7→ p([Ω], ρ(g)[Ω]) and fΩ are smooth in a neighbourhood of 1 ∈ G and (1,1) ∈
G×G respectively.
5.2 Structure of the set of smooth rays
We now study the structure of the set P(H)∞ of smooth rays. Our methods are
similar to those used in [Ne14] to study the set of continuous rays.
For the following lemma, recall that the topology of the Hilbert manifold
P(H) is induced by the Fubini–Study metric, which is defined by the equation
d([ψ], [ϕ]) = arccos |〈ψ, ϕ〉| ∈ [0, π/2] for unit vectors ψ, ϕ ∈ H. Geodesics in
this metric are of the form
γ(t) = [(cos t)ψ + (sin t)χ] for ‖ψ‖ = ‖χ‖ = 1, 〈ψ, χ〉 = 0.
From that one derives easily that points [ψ], [ϕ] with d([ψ], [ϕ]) < π/2 are con-
nected by a unique minimal geodesic parametrised by arc-length.
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Lemma 5.4. (Smoothness of generalised midpoint maps) For [ψ], [ϕ] ∈ P(H)
with 〈ψ, ϕ〉 6= 0, let γ[ψ],[χ](t), 0 ≤ t ≤ π/2 denote the unique minimal geodesic
starting in [ψ] and passing through [ϕ] for t0 = d([ψ], [ϕ]). Then, for every
t ∈ [0, π/2], the map
{([ψ], [ϕ]) ∈ P(H)2 : 〈ψ, ϕ〉 6= 0} → P(H), ([ψ], [ϕ]) 7→ γ[ψ],[ϕ](t)
is smooth.
Proof. For two unit vectors ψ and ϕ with 〈ψ, ϕ〉 > 0, we write
χψ,ϕ :=
ϕ− 〈ϕ, ψ〉ψ
‖ϕ− 〈ϕ, ψ〉ψ‖
=
ϕ− 〈ϕ, ψ〉ψ√
1− |〈ϕ, ψ〉|2
.
Then 〈ψ, χψ,ϕ〉 = 0 and we have
γ[ψ],[ϕ](t) = [(cos t)ψ + (sin t)χψ,ϕ].
Note that χψ,ϕ is the unique element in Cψ+Cϕ orthogonal to ψ with ‖χψ,ϕ‖ =
1 and 〈χψ,ϕ, ϕ〉 > 0. If we choose another representative λψ ∈ [ψ] with |λ| = 1,
then we also have to replace ϕ by λϕ to ensure positivity of the scalar product,
and this implies that [(cos t)ψ+(sin t)χψ,ϕ] does not depend on the choice of ψ.
If we choose a smooth local section σ : U → S(H) = {ψ ∈ H : ‖ψ‖ = 1} of
S(H) → P(H) on an open neighbourhood U of [ψ] and σ′ : V → S(H) on an
open neighbourhood V of [ϕ] such that any two lines [a] ∈ U and [b] ∈ V are
not orthogonal, then
σ′′([a], [b]) :=
(
σ([a]),
|〈σ([a]), σ′([b])〉|
〈σ([a]), σ′([b])〉
σ′([b])
)
=: (σ([a]), χσ′′([a],[b]))
is a smooth section U × V → S(H)2 whose range consists of pairs (a, b) with
〈a, b〉 > 0. We therefore have
γ[a],[b](t) = [(cos t)σ([a]) + (sin t)χσ′′([a],[b])],
so that the assertion follows from the smoothness of the map (ψ, ϕ) 7→ χψ,ϕ.
This yields the following description of the set of smooth rays:
Theorem 5.5. (Structure of the set of smooth rays) There exists a family
(Dj)j∈J of not necessarily closed mutually orthogonal linear subspaces of H such
that
P(H)∞ =
⋃
j∈J
P(Dj).
In particular, if P(H)∞ is dense in P(H), then it is of the form P(D) for a dense
subspace D ⊆ H.
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Proof. (cf. [Ne14, Lemma 5.8]) First we show that, if [ψ0], . . . , [ψn] ∈ P(H)
∞
are such that 〈ψj , ψj+1〉 6= 0 for j = 0, . . . , n− 1, then
[ψ0, . . . , ψn] := P(span{ψ0, . . . , ψn})
is contained in P(H)∞. We start with the case n = 1. Let
Exp: T (P(H))→ P(H)
denote the exponential map of the Riemannian symmetric space P(H). For
[χ] = Exp(v) and v ∈ T[ψ](P(H)) with ‖v‖ < π/2, the whole geodesic arc
[χt] = Exp(tv), 0 ≤ t ≤ 1, consists of elements not orthogonal to [ψ]. In view
of Lemma 5.4, [ψ], [χ] ∈ P(H)∞ implies that [χt] = γ[ψ],[χ](t) ∈ P(H)
∞ for
0 ≤ t ≤ 1 because ρ(g)γ[ψ],[χ] = γρ(g)[ψ],ρ(g)[χ].
Since Exp is PU(H)-equivariant, we conclude that, for the action of G on
the tangent bundle T (P(H)), the set T (P(H))∞ of G-smooth elements has the
property that, if v ∈ T (P(H))∞ with ‖v‖ < π/2, then [0, 1]v ⊆ T (P(H))∞.
Since G acts on T (P(H)) by bundle automorphisms, it also follows that, for each
[ψ] ∈ P(H)∞, the set T[ψ](P(H))
∞ is a complex linear subspace. This implies
that, for two non-orthogonal elements [ψ], [χ] ∈ P(H)∞, the whole projective
plane [ψ, χ] ⊆ P(H) consists of G-smooth rays. This completes the proof for the
case n = 1.
We now argue by induction. Assume that n > 1. Then the induction hy-
pothesis implies that [ψ0, . . . , ψn−1] ⊆ P(H)
∞. If [ψ] ∈ [ψ0, . . . , ψn] is different
from [ψn], then [ψ, ψn] is a projective line intersecting [ψ0, . . . , ψn−1] in some
point [χ]. Then [ψ] ∈ [χ, ψn] ⊆ P(H)
∞ follows from the case n = 1. This shows
that [ψ0, . . . , ψn] ⊆ P(H)
∞.
The preceding arguments imply that every non-empty subset C ⊆ P(H)∞
which cannot be decomposed into two non-empty orthogonal subsets is of the
form P(D) for a linear subspace D ⊆ H. For two such subsets C1 and C2, the
corresponding subspaces D1 and D2 are clearly orthogonal. This completes the
proof.
6 Lie algebra extensions and cohomology
We have seen in Corollary 4.5 that smooth projective unitary representations of
a locally convex Lie group G are linear representations of a central extension G♯.
Since those are determined on G♯0 by their derived Lie algebra representation
(Proposition 3.4), it is worth while to take a closer look at central extensions of
locally convex Lie algebras.
Definition 6.1. (Central Lie algebra extensions) A central extension of a locally
convex Lie algebra g by R is an exact sequence
0→ R→ ĝ→ g→ 0 (13)
of locally convex Lie algebras such that the image of R is central in ĝ. An
isomorphism ϕ : ĝ→ ĝ′ of central extensions is an isomorphism of locally convex
Lie algebras that induces the identity maps on g and R.
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Needless to say, group extensions in the sense of Definition 4.1 give rise to
Lie algebra extensions in the sense of Definition 6.1. Lie algebra extensions are
classified by Lie algebra cohomology.
Definition 6.2. (Continuous LA cohomology) The continuous Lie algebra co-
homology Hn(g,R) of a locally convex Lie algebra g is the cohomology of the
complex C•(g,R), where Cn(g,R) consists of the continuous alternating linear
maps gn → R with differential δn : Cn(g,R)→ Cn+1(g,R) defined by
δnω(ξ0, . . . , ξn) :=
∑
0≤i<j≤n
(−1)i+jω([ξi, ξj ], ξ1, . . . , ξ̂i, . . . , ξ̂j , . . . , ξn) .
Given a 2-cocycle ω : g2 → R, we define the Lie algebra ĝω by
ĝω := R⊕ω g
with the Lie bracket [(z, ξ), (z′, ξ′)] :=
(
ω(ξ, ξ′), [ξ, ξ′]
)
. Equipped with the
obvious maps R→ ĝω → g, it constitutes a central extension of g by R.
Proposition 6.3. (Cohomological description of central extensions) Central
extensions of g by R are classified up to isomorphism by H2(g,R).
Proof. Let R →֒ ĝ
q
−−→g be a central extension of g by R as above. The Hahn–
Banach Theorem guarantees existence1 of a continuous linear (but, in general,
not homomorphic) map σ : ĝ → R of (13) that is the identity on R. The al-
ternating continuous linear map σ ◦ [ · , · ] : ĝ2 → R vanishes on R × ĝ, hence
drops to a 2-cocycle ωσ : g
2 → R. The difference between two maps σ and σ′
as above is continuous and vanishes on R, hence defines a 1-cochain β : g → R.
Thus ωσ′ − ωσ = δ
1β is exact, and the cohomology class [ωσ] ∈ H
2(g,R) does
not depend on σ. If ϕ : ĝ → ĝ′ is an isomorphism of central extensions, then
σ′ := ϕ ◦ σ is the identity on R, and thus ωσ′ = ωσ.
If (ρ,H) is a smooth projective unitary representation of G, then the central
Lie group extension T → G♯ → g of Corollary 4.5 gives rise to a central Lie
algebra extension R→ g♯ → g.
Proposition 6.4. (A map from P(H∞) to the space of cocycles) If ψ ∈ H∞
is a unit vector, then the class [ωψ] ∈ H
2(g,R) corresponding to the central
extension g♯ is represented by the 2-cocycle
ωψ(ξ, ξ
′) = −i〈ψ, [ρψ∗(ξ), ρψ∗(ξ
′)]ψ〉,
where ρψ∗ : T1G ∼= g → T1G
♯ ∼= ĝ is the differential of the local lift ρψ of
Theorem 4.3. In terms of the group 2-cocycle, it is given by
ωψ(ξ, ξ
′) = −i
( ∂2
∂t∂s
∣∣∣
s,t=0
fψ(γξ(t), γξ′(s))−
∂2
∂t∂s
∣∣∣
s,t=0
fψ(γξ′ (t), γξ(s))
)
,
where γξ denotes a curve R→ G with γξ(0) = 1 and γ
′
ξ(0) = ξ.
1For extensions derived from projective representations, such maps can be constructed
explicitly.
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Proof. Note that ρψ∗ is a continuous linear splitting of the exact sequence R→
g♯ → g. In general, it is not homomorphic. The corresponding Lie algebra
2-cocycle
ωψ(ξ, ξ
′) := i(ρψ∗([ξ, ξ
′])− [ρψ∗(ξ), ρψ∗(ξ
′)]) (14)
measures the failure of ρψ∗ to be a Lie algebra homomorphism. Since the real
valued function g 7→ 〈ψ, ρψ(g)ψ〉 is maximal at g = 1, we have 〈ψ, ρψ∗(ξ)ψ〉 = 0
for all ξ ∈ g, so the formula for ωψ in terms of ρψ∗ follows. To obtain the
formula for ωψ in terms of fψ, one differentiates Equation (10).
By Corollary 4.5, every smooth projective unitary representation of a locally
convex Lie group G gives rise to a class [G♯] ∈ Ext(G,T), and to a smooth
unitary representation of G♯. The Lie group extension T → G♯ → G in turn
gives rise to a Lie algebra extension R→ ĝ→ g, hence to a class [ω] ∈ H2(g,R).
The converse direction, however, is quite nontrivial; in general, not every
class in H2(g,R) will integrate to a class in Ext(G,T). The following is an inte-
grability criterion for Lie algebra 2-cocycles in terms of discreteness conditions
on the period homomorphism perω : π2(G) → R, which is the extension of the
map C∞∗ (S
2, G)→ R defined by σ 7→
∫
σ
Ω, where Ω the left invariant 2-form on
G with Ω1 = ω (see [Ne02, Def. 5.8]).
Theorem 6.5. (Integration of Lie algebra cocycles) Let G be a connected sim-
ply connected Lie group modelled on a locally convex Lie algebra g, and let
[ω] ∈ H2(g,R). We fix the isomorphism R ≃ Lie(T) obtained by the expo-
nential function expT(t) = e
2πit. Then the Lie algebra extension R → ĝ → g
defined by ω integrates to an extension T→ Ĝ→ G of Lie groups if and only if
perω(π2(G)) ⊆ Z.
Proof. This is [Ne02, Thm. 7.9].
As a byproduct of the construction of the smooth structure on G♯ (cf. The-
orem 4.3), we obtain the following necessary condition for a class [ω] to come
from a projective unitary representation.
Proposition 6.6. (Necessary condition for unitarity of cocycles) A necessary
condition for a class [ω] ∈ H2(g,R) to correspond to a projective unitary repre-
sentation is that for some representative ωψ ∈ [ω], there exists a continuous posi-
tive semi-definite sesquilinear form Hψ : gC×gC → C such that ωψ = −2Im(Hψ)
on g. It satisfies Ker(Hψ) ⊆ Ker(ωψ)C.
In particular, ξ, η ∈ g satisfy the Heisenberg uncertainty relations
1
2 |ωψ(ξ, η)| ≤ ‖ξ‖Hψ‖η‖Hψ . (15)
Proof. If (ρ,H) is a smooth projective unitary representation of G and ψ ∈ H∞
is a smooth vector, then recall from Proposition 6.4 the formula
ωψ(ξ, η) = −i〈ψ, [ρψ∗(ξ), ρψ∗(η)]ψ〉 . (16)
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If we define the positive semi-definite sesquilinear form Hψ : gC × gC → C by
Hψ(ξ, η) := 〈ρψ∗(ξ)ψ, ρψ∗(η)ψ〉 , (17)
then ωψ = −2ImHψ on g. Note that the kernel of H is precisely the complexifi-
cation of the stabiliser of [ψ] in gC, that is, Ker(Hψ) = stabgC([ψ]) ⊆ Ker(ω).
The representative ωψ and its corresponding semi-definite sesquilinear form
Hψ depend on the choice of a ray [ψ] ∈ P(H
∞). If we choose a different point
ρ(g)[ψ] in the same G-orbit G[ψ] ⊆ P(H∞), then the corresponding ωρ̂(g)ψ and
Hρ̂(g)ψ are related to ωψ and Hψ by the adjoint representation:
Proposition 6.7. (Covariance ω and H) If [ψ′] = ρ(g)[ψ] is in the G-orbit of
[ψ] ∈ P(H∞), then
ωρ̂(g)ψ(ξ, η) = ωψ(Adg−1(ξ),Adg−1(η)) , (18)
Hρ̂(g)ψ(ξ, η) = Hψ(Adg−1(ξ),Adg−1(η)) . (19)
In particular, Hψ and ωψ are invariant under the stabiliser G[ψ] ⊆ G of [ψ].
Proof. From (12), we know that ρρ̂(g)ψ(ghg
−1) = ρ̂(g)ρψ(h)ρ̂(g)
−1, which leads
to
ρρ̂(g)ψ∗(ξ) = ρ̂(g)ρψ∗(Ad
−1
g ξ)ρ̂(g)
−1
and further to
ρρ̂(g)ψ∗(ξ)ρ̂(g)ψ = ρ̂(g)ρψ∗(Ad
−1
g ξ)ψ.
The assertion now follows from (16) and (17).
Remark 6.8. The geometric intuition behind Propositions 6.6 and 6.7 is the
following. If the orbitO = G[ψ] ⊆ P(H∞) happens to be a smooth homogeneous
manifold modelled on g/g[ψ] (for example if G is finite dimensional), then P =
G♯ψ ⊆ H∞ is a smooth principal T-bundle over O, modelled on g♯/gψ. The
maps [ψ] 7→ ωψ and [ψ] 7→ Re(Hψ) then define an equivariant smooth 2-form
and a hermitian metric on O, whereas the splitting sψ : T[ψ]O → TψP derived
from ρψ∗ : g/g[ψ] → g
♯/gψ yields an equivariant connection 1-form on P with
curvature−ω. This makes P → O into a prequantum T-bundle with equivariant
Riemannian metric Re(H).
7 The main theorem
We have seen that for locally convex Lie groups, there is a correspondence be-
tween smooth projective unitary representations of G and smooth linear unitary
representations of a central extension G♯ → G. Moreover, for connected sim-
ply connected Lie groups G modelled on a barrelled Lie algebra g, there is a
correspondence between smooth unitary representations of G♯ and regular uni-
tary representations of its Lie algebra g♯. We now give a formulation of this
correspondence which carefully takes the intertwiners into account.
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Definition 7.1. (Representation categories) Let G be a Lie group modelled
on a locally convex Lie algebra g. Define the categories I, II, III, and IIIr as
follows:
I. The category of triples (ρ,H, [ψ]), where (ρ,H) is a nonzero smooth pro-
jective unitary representation of G and [ψ] ∈ P(H)∞ is a distinguished
smooth ray. A morphism (ρ,H, [ψ]) → (ρ′,H′, [ψ′]) is a linear isometry
U : H → H′ with [Uψ] = [ψ′] and U ◦ ρ = ρ′ ◦ U .
II. The category of quadruples (Ĝ→ G, ρ,H, [ψ]), where Ĝ→ G is a smooth
central T-extension of G, (ρ,H) is a smooth unitary representation of
Ĝ such that ρ(z) = z1 on T, [ψ] ∈ P(H∞), and the morphisms are
pairs (Φ, U), where Φ: Ĝ → Ĝ′ is an isomorphism of central extensions
and U : H → H′ is a linear isometry satisfying Uρ(g) = ρ′(Φ(g))U and
[Uψ] = [ψ′].
III. The category of quadruples (ĝ → g, π, V, [ψ]), where ĝ → g is a central
R-extension of locally convex Lie algebras, (π, V ) is a continuous unitary
representation of ĝ such that π(1) = 1 (cf. Definition 3.7), [ψ] ∈ P(V ),
and morphisms are pairs (ϕ,U) where ϕ : ĝ → ĝ′ is an isomorphism of
central extensions and U : V → V ′ is a linear isometry satisfying Uπ(ξ) =
π′(ϕ(ξ))U and [Uψ] = [ψ′].
IIIr. The full subcategory of III where the image perω(π2(G))→ R of the period
homomorphism for the class [ω] ∈ H2(g,R) of ĝ ∼= R⊕ω g is contained in
Z, and (π, V ) is (strongly) regular.
The case H = {0} is excluded in all categories.
Remark 7.2. (Morphisms are intertwiners for perfect, connected G) If G is
connected and g is topologically perfect, then the isomorphisms Φ: Ĝ → Ĝ′
and ϕ : ĝ → ĝ′ are unique by Proposition 4.7. In this case, isomorphic central
extensions can be canonically identified, and the morphisms are simply isometric
intertwiners U with [Uψ] = [ψ′].
Theorem 7.3. (Main theorem) Let G be a Lie group modelled on a locally
convex Lie algebra g.
A) There exists an equivalence of categories between I and II.
B) If G is connected, then the derived representation functor d : II → III is
fully faithful. If G is connected and regular, then d lands in III r.
C) If G is a connected, simply connected, regular Lie group modelled on a
barrelled Lie algebra g, then there exists an integration functor, denoted
I : III r → II , which is left adjoint to the derived representation functor
d : II → III r.
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Proof. The functors we need are already constructed at the level of objects,
so we need only check the above statements and functoriality at the level of
morphisms.
A) The equivalence of I and II is essentially Corollary 4.5. Considering a Ĝ-
representation as a projective G-representation yields a functor II → I . We
show that the construction of (G♯, ρ,H, ψ) out of (ρ,H, ψ) is functorial. By
Remark 4.6 and the fact that the construction of the cocycle only depends on the
class [ψ] of ψ, the extensions G♯ and G♯′ derived from (ρ,H, ψ) and (ρ′,H′, ψ′)
are the same if there exists a linear isometric intertwiner U : H → H′ with
[Uψ] = [ψ′]. This means that we can define the functor to map U to (Φ, U)
with Φ = Id,
(G♯, ρ,H, ψ)
(Id,U)
−−−−−−→(G♯, ρ′,H′, ψ′) .
The composition I → II → I is the identity, and the natural transformation
between the identity and II → I → II is given on (Ĝ, ρ,H, ψ) by the pair (Φ, U)
where U : H → H is the identity and Φ: Ĝ→ G♯ is fixed by requiring that Φ(ĝ)
cover g ∈ G and ρ(ĝ) = ρ♯(Φ(ĝ)).
B) The derived representation functor d takes (Ĝ, ρ,H, ψ) to (ĝ, dρ,H∞, ψ)
and (Φ, U) to (dΦ, U |H∞). It is fully faithful for connected G by Proposi-
tion 3.4. The image of the period map is discrete for connected G because by
[Ne02, Prop. 5.11], perω is minus the connecting homomorphism δ : π2(G)→ Z
of the principal T-bundle Ĝ→ Z. If G is regular, then so is (dρ,H∞) by Propo-
sition 3.25. Together, discreteness and regularity imply that the Lie functor
lands in III r.
C) We describe the integration functor III r → II . The ray [ψ] picks out a
distinguished splitting σ : g֌ ĝ of ĝ→ g by the requirement 〈ψ, π(σ(ξ))ψ〉 = 0
for ξ ∈ g, and hence a distinguished element ω in the class [ω] corresponding
to ĝ → g (this is the infinitesimal version of equation (14)). If (ϕ,U) is a
morphism from (ĝ, π, V, [ψ]) to (ĝ′, π′, V ′, [ψ′]), then the splitting σ′ : g֌ ĝ′ is
precisely σ′ = ϕ ◦ σ, so that ω′ is identical to ω. Although the construction of
group extensions from Lie algebra extensions described in [Ne02, § 6] is highly
non-canonical (it depends on a choice of a system of paths in G), it takes as
input only a Lie algebra 2-cocycle ω, so it produces the same central extension
Ĝ for ĝ and ĝ′. We construct the smooth group representation of Ĝ on HV
by solving the ODE ddtψt = π(δ
Rgt)ψt with initial condition ψ0 as outlined in
Proposition 3.26. (The identification between ĝ and the Lie algebra g ⊕ω R
of Ĝ needed to evaluate π(δRgt) is fixed by the splitting σ.) If U : V → V
′
is an isometric intertwiner, then ψ′t = Uψt is a solution to
d
dtψ
′
t = π
′(δRgt)ψ
′
t
with initial condition ψ′0 = Uψ0, so its closure U : HV → HV ′ is an intertwiner
at the group level. To check that I is left adjoint to d, we provide a natural
isomorphism
homII (I−,−) ≃ homIII r (−, d−).
By the above argument, we may identify the groups and Lie algebras on both
sides. For a unitary G-representation (π,H), let U : HV → H be an isometric
intertwiner in II. Since V ⊆ HV is contained in H
∞
V , we have UV ⊆ H
∞, and
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U |V : V → H
∞ is an isometric intertwiner in IIIr. Conversely, every isometric
intertwiner U |V : V → H
∞ extends to the closure HV → H, hence defines an
isometric intertwiner in II. This shows that (I, d) is an adjoint pair.
Remark 7.4. (Adjunction, but not equivalence) The adjoint pair (I, d) is in
general not an equivalence of categories, because non-equivalent Lie algebra rep-
resentations can correspond to equivalent group representations. For example,
the Lie algebra representations on the spaces of smooth and analytic vectors for
a single unitary group representation are in general not unitarily equivalent.
8 Covariant representations
In this section, we consider a locally convex Lie group G, endowed with a
smooth action of a locally convex Lie group R, given by a homomorphism
α : R→ Aut(G). The semidirect product G⋊αR is then again a locally convex
Lie group with Lie algebra g⋊Dα r, the “crossed product” by Dα : r→ der(g).
This setting, especially with R = R, is frequently encountered in the repre-
sentation theory of infinite dimensional Lie groups, in particular for loop groups
(cf. [PS86] and Section 10.3) and gauge groups (cf. [JN15]).
Definition 8.1. (Covariant unitary representations) A triple (ρ, U,H) of a
Hilbert space H with unitary representations ρ of G and U of R is called a
covariant unitary representation if
Utρ(g)U
−1
t = ρ(αtg) for g ∈ G, t ∈ R
or, equivalently, if the map ρU : G⋊α R→ U(H) defined by
ρU (g, t) := ρ(g)Ut
is a unitary representation of G⋊α R. We call (G,U) continuous or smooth if
the corresponding representation ρU of G⋊α R is continuous or smooth, respec-
tively.
Remark 8.2. (Smoothness of covariant representations) A covariant represen-
tation (ρ, U,H) is continuous if and only if both ρ and U are continuous. If
(ρ, U,H) is smooth, then both ρ and U are smooth. The converse may not hold
because the intersection H∞(ρU ) = H
∞(ρ)∩H∞(U) (cf. Theorem 5.1) may not
be dense in H.
Definition 8.3. (Projective covariant representations) A triple (ρ, U,H) of a
Hilbert space H with projective unitary representations ρ of G and U of R is
called a covariant projective unitary representation if
Utρ(g)Ut
−1 = ρ(αtg) for g ∈ G, t ∈ R
or, equivalently, if the map ρU : G⋊α R→ PU(H) defined by
ρU (g, t) := ρ(g)Ut
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is a projective unitary representation of the semidirect product G ⋊α R. We
call (ρ, U,H) continuous or smooth if the corresponding projective unitary rep-
resentation of G⋊α R is continuous or smooth, respectively.
Remark 8.4. (Thm. 7.3 in covariant context) If (ρ, U,H) is a smooth covariant
projective unitary representation, then applying Corollary 4.5 to the projective
representation ρU of G⋊α R, we obtain a central extension
T→ (G⋊α R)
♯ → G⋊α R
with a smooth unitary representation ρ̂ of (G ⋊α R)
♯ on H that induces both
ρ and U . From Proposition 3.4, we see that the restriction of ρU to (G⋊α R)0
is determined up to unitary equivalence by the derived representation dρ̂ of the
central extension R → (g ⋊Dα r)
♯ → g ⋊Dα r. Theorem 7.3 provides necessary
and sufficient integrability criteria.
In view of the importance of the special case R = R, we now describe the Lie
algebra extensions for this particular situation in more detail. If α is a smooth
R-action on G with infinitesimal generator D ∈ der(g), then G⋊αR is a locally
convex Lie group with Lie algebra g⋊D R. We now have (cf. Proposition 6.4):
Proposition 8.5. (The case R = R) A ray [ψ] ∈ P(H) yields a cocycle
ωψ : (g⋊D R)
2 → R and an isomorphism between (g⋊DR)
♯ and the Lie algebra
ĝ := ̂(g⋊D R)ωψ = R⊕ωψ (g⋊D R) , (20)
with Lie bracket
[(z, x, t), (z′, x′, t′)] =
(
ωψ(x, t;x
′, t′), [x, x′] + tD(x′)− t′D(x), 0
)
. (21)
Remark 8.6. (Equivariant sections and cocycles) Suppose that (ρ, U,H) is a
smooth covariant projective unitary representation of G ⋊α R and that U is
induced by the unitary representation U : R → U(H). Then R acts on the
central extension G♯ by
α̂t(g, U) = (αt(g), UtUU
∗
t ).
Assume that ψ is an eigenvector for U and that χ : R→ T is the correspond-
ing character, defined by Utψ = χ(t)ψ for t ∈ R. Then [ψ] is fixed under the
action of R on P(H), and this implies that [ψ] is invariant under every U t. We
further obtain for η ∈ ψ⊥ and the canonical section σψ : Vψ → H from (11) the
following equivariance relation:
σψ(Ut[ψ + η]) = σψ([χ(t)ψ + Utη]) = σψ([ψ + χ(t)
−1Utη]) =
ψ + χ(t)−1Utη
‖ψ + χ(t)−1Utη‖
= χ(t)−1Ut
ψ + η
‖ψ + η‖
= χ(t)−1Utσψ([ψ + η]).
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This leads with the terminology from Theorem 4.3 to
Utρψ(g)ψ = Utσψ(ρ(g)[ψ]) = χ(t)σψ(Utρ(g)[ψ]) = χ(t)σψ(ρ(αt(g))[ψ])
= χ(t)ρψ(αt(g))ψ = ρψ(αt(g))Utψ,
so that
Utρψ(g) = ρψ(αt(g))Ut for g ∈ Uψ, t ∈ R.
For the cocycle f : G×G→ T defined by (10) in Definition 4.2, this leads to
f(αt(g),αt(h))1 = ρψ(αt(gh))
−1ρψ(αt(g))ρψ(αt(h))
= Utρψ(gh)
−1ρψ(g)ρψ(h)U
−1
t = ρψ(gh)
−1ρψ(g)ρψ(h) = f(g, h)1.
We conclude that the restriction of f to the pairs (g, h) ∈ U2ψ with gh ∈ Uψ is R-
invariant. It follows in particular that the action of R on T×Uψ ⊆ G
♯ ∼= T×f G
is given by
α̂t(z, g) := (z, αt(g)),
and hence that it is smooth on this subset. We conclude that each α̂t is a
smooth automorphism of G♯ and that the action α̂ is smooth on the identity
component G♯0 of G
♯.
9 Admissible derivations
In Subsection 9.1, we study 2-cocycles on Lie algebras of the form g ⋊D R,
where D is an admissible derivation on a locally convex Lie algebra g. These
arise naturally in the context of the preceding section. In Subsection 9.2, we
give some extra information on cocycles that come from representations which
are either periodic or of positive energy.
9.1 Admissible derivations
In this section, we will assume that our derivation is of the following type.
Definition 9.1. (Admissible derivations) A continuous derivationD of a locally
convex Lie algebra g is called admissible if Dg ⊆ g is a closed subspace and if
the sequence
0→ Ker(D) →֒ g
D
−→ Dg →֒ g
q
−→ Coker(D)→ 0
admits continuous linear splitting maps at Coker(D) andDg. In other words, we
require that the surjections D : g→ Dg and q : g→ Coker(D) admit continuous
sections I : Dg → g and σ : Coker(D) → g, so that g admits the direct sum
decompositions g ≃ Ker(D) ⊕ IDg and g ≃ Dg ⊕ σqg of locally convex vector
spaces.
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Proposition 9.2. (Periodic implies admissible) Let g be a complete locally con-
vex complex Lie algebra with a smooth 1-periodic action α : R→ Aut(g), i.e., α
factors through an action of T ∼= R/Z. Let D := ddt |t=0 αt be the corresponding
derivation. Then D is admissible.
Proof. If gk := {ξ ∈ g ; αt(ξ) = e
2πiktξ}, then g =
⊕̂
k∈Zgk as the closure of
a direct sum of locally convex spaces. This yields a direct sum decomposition
g = Ker(D) ⊕ Im(D) with Ker(D) = g0 and the restriction of D to Im(D) =⊕̂
k∈Z/{0}gk is invertible.
Definition 9.3. (Gauge algebra) Let K be a finite dimensional Lie group with
Lie algebra k and let P →M be a principal K-bundle. Then Ad(P ) := P ×Ad k
is a bundle of Lie algebras with typical fibre k. We define the (compactly sup-
ported) gauge algebra of P to be the locally convex Lie algebra g := Γc(Ad(P ))
of compactly supported smooth sections of Ad(P ), equipped with the pointwise
Lie bracket and the canonical locally convex topology.
Remark 9.4. If P →M is the trivial bundle, then Γc(Ad(P )) ≃ C
∞
c (M, k).
We will be interested in the situation where P →M carries a K-equivariant
R-action γ : R → Aut(P ) with generator v ∈ Γ(TP )K . We then obtain a
smooth 1-parameter family of automorphisms α : R→ Aut(g), hence a continu-
ous derivation D := ddt |t=0 αt. Under the isomorphism Γ(Ad(P )) ≃ C
∞(P, k)K ,
it is given by Dξ = Lvξ.
If the R-action on P factors through a T-action, then we are in the setting
of Proposition 9.2, so that D is admissible. The motivating example of an
admissible derivation, however, is the following (cf. [JN15]).
Proposition 9.5. (Admissible derivations for gauge groups) Suppose that the
K-equivariant R-action on P → M is proper and free on M . Let Σ := M/R
denote the corresponding quotient manifold. Then P ≃ PΣ × R with PΣ → Σ
a principal K-bundle over Σ. Moreover, the derivations on Γc(Ad(P )) and
Γ(Ad(P )) defined by Dξ(η, t) = ddtξ(η, t) are admissible.
Proof. As the R-action is proper and free, M and P are (automatically trivial)
principal R-bundles over Σ := M/R and PΣ := P/R respectively, hence P ≃
PΣ × R with PΣ → Σ a principal K-bundle. The formula for D is clear.
First, we consider the case g := Γc(Ad(P )). Let I : g → Γ(Ad(P )) be
the integration Iξ(η, t) :=
∫ t
−∞
ξ(η, τ)dτ and set I∞(ξ)(η) := limt→∞ Iξ(η, t).
Then I∞ : g → Γc(Ad(PΣ)) is continuous with Ker(I∞) = Dg, hence Dg is
closed. Furthermore, D is injective on g and D ◦ I ◦ D = D, so I|Dg is a
continuous section of D : g → Dg. Finally, the map I∞ yields an isomorphism
Coker(D) → Γc(Ad(PΣ)), so that any bump function ϕ ∈ C
∞
c (R) of integral 1
yields a continuous section σ : Coker(D)→ g by σ([ξ])(η, t) := ϕ(t)I∞(ξ)(η).
Secondly, we consider the case g := Γ(Ad(P )). Then D : g → g is surjective
and the section I : Dg→ g is given by Iξ(η, t) :=
∫ t
0 ξ(η, τ)dτ .
The requirement that the R-action be either periodic or proper and free
cannot be dispensed with, as is shown by the following:
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Example 9.6. (Non-admissible derivation) Let g := C∞(T 2, k) with T 2 :=
R2/Z2 the 2-torus with 1-periodic coordinates θ1, θ2, and let gC be its complex-
ification. Let D : gC → gC be the derivation D := ∂θ1 + τ∂θ2 with τ ∈ R \ Q.
Then Dg is not closed; choose (infinite) sequences (nk,1)k∈N and (nk,2)k∈N of
integers with |nk,1 + τnk,2| < 2
−2k. For X ∈ kC, we set
Xnk,1,nk,2 := exp (i(nk,1θ1 + nk,2θ2)) .
Then the Fourier series
∑∞
k=0D
(
2kXnk,1,nk,2
)
defines a smooth kC-valued func-
tion on the torus which is in Dg, because all the partial sums are in Dg, but
since
∑∞
k=0 2
kXnk,1,nk,2 does not converge, it is not in Dg itself.
Definition 9.7. (Translation invariant cohomology) Recall from Definition 6.2
the continuous Chevalley–Eilenberg complex C•(g,R). We denote by H•D(g,R)
the cohomology of the subcomplex C•(g,R)D of cochains ω annihilated by D
under the action
Dω(ξ1, . . . , ξn) :=
n∑
i=1
ω(ξ1, . . . , Dξi, . . . , ξn).
Proposition 9.8. (H2(g⋊DR,R) vs.H
2
D(g,R)) If D is an admissible derivation
of a locally convex Lie algebra g, then we have the following exact sequence:
0→
(
(Dg ∩ [g, g])/D[g, g])
)′ α
−−→H2D(g,R)
β
−−→H2(g⋊D R,R)
γ
−−→H1(Ker(D),R).
Here α(λ) is the class of the D-invariant 2-cocycle δ(λ), β([ω]) is the class of
the cocycle ω˜((x, t), (y, s)) := ω(x, y), and γ([ω˜]) = (iDω˜)|kerD. In particular,
H2(g⋊D R,R) ≃ H
2
D(g,R) if both g and Ker(D) are topologically perfect.
Proof. Let ω be a continuous 2-cocycle on g ⋊D R. Define χ : g ⋊D R → R by
χ(D) := 0 and
χ(ξ) := ω(D, I(ξ − σ ◦ qξ)) for ξ ∈ g,
where q, σ, D and I are as in the remarks following Definition 9.1. Then ω is
cohomologous to ω′ := ω + δχ which satisfies ω′(D, IDg) = {0} because
(δχ)(D, IDξ) = −χ([D, IDξ]) = −χ(DIDξ) = −χ(Dξ) = −ω(D, IDξ).
Therefore, the linear functional iDω
′ : g ⋊D R → R factors through a map
γω′ : Ker(D) → R. It vanishes on [Ker(D),Ker(D)] by the cocycle property
of ω′, so we obtain a class [γω′ ] ∈ H
1(Ker(D),R). Since iDδχ|Ker(D) = 0 for all
1-chains χ, the map ω′ 7→ γω′ drops to a map H
2(g⋊DR,R)→ H
1(Ker(D),R).
If [ω′] ∈ ker γ, then iDω
′ = 0 because g = kerD ⊕ IDg, so that ω′ is
determined by its restriction to g. There, the cocycle property
ω′([D,X ], Y ) + ω′(X, [D,Y ])) = ω′(D, [X,Y ])
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implies D-invariance of iDω
′ on g. Conversely, any D-invariant 2-cocycle ω
on g extends trivially to a cocycle ω˜ on g ⋊D R. This proves exactness in
H2(g⋊D R,R).
The relation β([ω]) = 0 is equivalent to ω ∈ B2(g,R)D. Therefore, the kernel
of β is B2(g,R)D/B2D(g,R), where the upper index D stands for D-invariant
coboundaries, and the lower index for coboundaries of D-invariant 1-chains.
The coboundary δϕ ∈ B2(g,R) is determined by the restriction of ϕ ∈
C1(g,R) = g′ to [g, g], and by the Hahn–Banach Theorem, the correspondence
between B2(g,R) and [g, g]′ is bijective. Now δϕ ∈ B2D(g,R) if and only if
ϕ ∈ [g, g]′ satisfies ϕ(Dg ∩ [g, g]) = {0}, and δϕ ∈ B2(g,R)D if and only if
ϕ(D[g, g]) = {0}. The quotient B2(g,R)D/B2D(g,R) is therefore equal to
([g, g]/D[g, g])′/([g, g]/(Dg ∩ [g, g])′ ≃
(
(Dg ∩ [g, g])/D[g, g]
)′
.
Remark 9.9. (Covariant cocycles for gauge algebras) Suppose that k is a per-
fect Lie algebra and that the equivariant R-action is proper and free on M
(Proposition 9.5). Then, for g = Γc(Ad(P )), we have
H2(g⋊D R,R) ≃ H
2
D(g,R) .
Indeed, g is topologically perfect because k is perfect ([JW13, Prop. 2.4]). Since
PΣ → Σ is a smooth principal fibre bundle (cf. Proposition 9.5), the same
argument implies that Ker(D) ≃ Γc(Ad(PΣ)) is perfect, so that the statement
follows from Proposition 9.8.
9.2 Cocycles for positive energy
Proposition 9.10. (Spectral gap implies D-invariant cocycles) Let D be an
admissible derivation of g and let (ρ,H) be a smooth unitary representation of
the Lie group Ĝ with Lie algebra ĝ ∼= R ⊕ω (g ⋊D R). If Spec(−idρ(D)) 6=
R, then ω is cohomologous to an (automatically D-invariant) cocycle ω′ with
ω′(D, g) = {0}.
Proof. Recall that g = IDg ⊕ Ker(D). We have seen in the proof of Propo-
sition 9.8 that ω is cohomologous to ω′ with ω′(D, IDg) = {0}. Now let
X ∈ Ker(D). Then dρ defines a unitary representation of the Heisenberg alge-
bra (RX⋊D R)⊕ω Rc. If ω
′(D,X) 6= 0, then the Stone-von Neumann Theorem
implies Spec(−idρ(D)) = R.
We call a smooth unitary representation ρ : Ĝ → U(H) periodic if the cor-
responding R-action factors through R → T ∼= R/Z, and of positive energy if
the spectrum of the Hamilton operator H := −idρ(D) is bounded below. Since
Spec(H) 6= R in either case, we have the following corollary.
Corollary 9.11. (Periodic/positive energy implies D-invariant cocycles) Sup-
pose that D is an admissible derivation of g and that ρ : Ĝ → U(H) is either a
positive energy representation or a periodic representation. Then the class [ω]
is in the image of the map β : H2D(g,R)→ H
2(g⋊D R,R) of Proposition 9.8.
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For periodic representations and positive energy representations of Ĝ with
an admissible derivation, we may thus assume w.l.o.g. that the cocycle ω is
D-invariant and that iDω = 0.
Example 9.12. (Translation invariant cocycles for abelian gauge algebras) If,
in the context of Definition 9.3,K is abelian, then g is the LF-space Γc(Ad(P )) =
C∞c (M, k) with the trivial Lie bracket, so cocycles on g are skew symmetric k-
valued distributions onM×M . By Corollary 9.11, every cocycle on g⋊DR that
is derived from a periodic or positive energy representation, is cohomologous to
one that satisfies iDω = 0, hence given (modulo coboundaries) by a D-invariant
skew-symmetric k-valued distribution on M ×M .
10 Applications
Finally, let us mention a few examples of locally convex Lie groups that serve to
illustrate the theory developed so far. In Subsection 10.1, we consider abelian
Lie groups, whose central extensions are related to Heisenberg groups. In Sub-
section 10.2, we consider the group Diff(S1)+ of orientation preserving diffeo-
morphisms of the circle, whose central extensions are related to the Virasoro
algebra. Finally, in Subsection 10.3, we investigate twisted loop groups, whose
central extensions are related to affine Kac–Moody algebras.
10.1 Abelian Lie groups
If V is a locally convex vector space, then (V,+) is an abelian locally convex
Lie group. The central extensions of the abelian Lie algebra V correspond
to continuous skew-symmetric bilinear forms ω : V × V → R. Each of these
integrates to a group extension:
Definition 10.1. (Heisenberg groups) If ω is a continuous skew-symmetric
bilinear form on a locally convex vector space V , then the group T ×ω V with
product
(z, v)(z′, v′) = (zz′ exp(12 iω(v, v
′)), v + v′)
is a locally convex Lie group whose Lie algebra is R⊕ω V with bracket
(z, v)(z′, v′) = (ω(v, v′), 0) .
If ω is non-degenerate, then T×ω V is called a Heisenberg group, and R⊕ω V a
Heisenberg–Lie algebra.
Every central T-extension of (V,+) is isomorphic to T ×ω V for some con-
tinuous skew-symmetric bilinear form ω on V , and the central T-extensions
T×ω V and T ×ω′ V are isomorphic if and only if ω = ω
′ ([Ne02, Thm. 7.12]).
The smooth characters χ : V → T of the group (V,+) are all of the form
χ(v) = exp(iϕ(v)) for a continuous linear functional ϕ : V → R.
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Corollary 4.5 now implies that, for every smooth projective unitary repre-
sentation (ρ,H) of (V,+), there exists a uniquely determined continuous skew-
symmetric bilinear form ω on V such that ρ is induced by a smooth unitary
representation (ρ̂,H) of T×ω V . By Proposition 4.7, two representations (ρ̂,H)
and (ρ̂′,H′) of T×ω V give rise to equivalent projective representations of (V,+)
if and only if there exists a unitary transformation U : H → H′ and a continuous
functional ϕ ∈ V ′ such that ρ̂′(z, v) = exp(iϕ(v))Uρ̂(z, v)U−1.
This allows us to reduce the classification of smooth projective factor rep-
resentations of (V,+) to the the classification of smooth unitary factor repre-
sentations of the Heisenberg group. Indeed, let (ρ̂,H) be a smooth factor rep-
resentation of T ×ω V . The closed subspace K := Ker(ω) = {v ∈ V ; ivω = 0}
is central in T ×ω V , so that the requirement that ρ̂ be a factor representa-
tion, ρ̂(V )′ ∩ ρ̂(V )′′ = C1, implies that ρ̂|K is given by a smooth character
χ : K → T. Writing χ(k) = exp(iϕ(k)) and extending the continuous functional
ϕ : K → R to V (this is possible by the Hahn–Banach Theorem), we obtain
a smooth character χ : V → T such that χ−1 · ρ̂ is trivial on K, hence factors
through a representation of the locally convex Lie group T×ω (V/K). Since K
is closed, V/K is a locally convex Hausdorff space, and if V is barrelled, then
so is V/K. However, unless V is Fre´chet, completeness of V does not imply
completeness of V/K ([Ko¨69, §31.6]), so at this point, we are making essential
use of our rather wide definition of a locally convex Lie group, which does not
assume completeness of the model space.
Proposition 10.2. (Projective (V,+)-rep’s come from linear Heisenberg rep’s)
A smooth projective factor representation of (V,+) is given by a continuous
skew-symmetric bilinear form ω on V , together with a smooth unitary factor
representation (ρ̂,H) of the Heisenberg group T×ω V/(Ker(ω)) with ρ̂(z) = z1.
Two such representations (ρ̂,H) and (ρ̂′,H′) give rise to equivalent projective
representations of (V,+) if and only if ω = ω′ and ρ̂(z, v) = eiϕ(v)Uρ̂(z, v)U−1
for a unitary transformation U : H → H′ and a continuous linear functional
ϕ ∈ (V/(Kerω))′.
Switching from V to V/K and from ρ to ρ̂ if necessary, we may assume that
(ρ,H) is a smooth representation of a Heisenberg group T×ωV . By Proposition
6.6, a smooth vector ψ ∈ H∞ defines a non-degenerate continuous sesquilinear
form H(ξ, η) = 〈dρ(ξ)ψ, dρ(η)ψ〉 on VC with ω = −2Im(H). In order to obtain
the above equality, one has to require that 〈ψ, dρ(ξ)ψ〉 vanishes for ξ ∈ g, which
can be achieved by twisting with ϕ(ξ) := i〈ψ, dρ(ξ)ψ〉.
Proposition 10.3. (Characterisation of the relevant Heisenberg groups) A
Heisenberg group T×ω V possesses a smooth unitary representation (ρ,H) with
ρ(z) = z1 if and only if there exists a Hermitian inner product H on VC such
that ω = −2Im(H).
Proof. That existence of such an H is necessary follows from the above. To see
that it is sufficient, we note that the function
f : T×ω V → C, f(z, v) = ze
−
1
2H(v,v),
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is positive definite and leads to the quasi-free cyclic representation (ρ,H,Ω)
(cf. [Pe90, Thm. 3.4]) with vacuum Ω ∈ H∞ satisfying 〈Ω, dρH(ξ)Ω〉 = 0 and
〈dρH(ξ)Ω, dρH(η)Ω〉 = H(ξ, η) (see e.g. [Pe90, Thm. 3.8], which draws heavily
from [MV68]).
This completely reduces the theory of smooth projective unitary representa-
tions of (V,+) to the theory of smooth unitary representations of the Heisenberg
groups T ×ω V with ω = −2ImH and ρ(z) = z1, or equivalently, if V is bar-
relled, to regular unitary representations (π,W ) of the Heisenberg–Lie algebra
R⊕ωV with π(1, 0) = 2πi1. If V is finite dimensional, then by the von Neumann
Uniqueness Theorem [vN31], the Heisenberg group admits a single irreducible
unitary representation with ρ(z) = z1. If V is infinite dimensional, there exist
many interesting irreducible and factor representations besides the familiar Fock
representations [MV68, DV71, D71, Ho82, Pe90]. Among these are the type III
Araki–Woods factor representations, which model equilibrium states at positive
temperature in a free non-relativistic Bose gas [AW63].
10.2 The Virasoro group
The group Diff(S1)+ of orientation preserving diffeomorphisms of the circle is
a connected locally convex Lie group with Lie algebra Vec(S1) [Ha82]. Its uni-
versal cover G := D˜iff(S1)+ can be described as
G = {ϕ ∈ C∞(R,R) : (∀t ∈ R) ϕ(t+ 2π) = ϕ(t) + 2π andϕ′(t) > 0} ,
and π1(Diff(S1)) ≃ Z is realised insideG as the subgroup of functions of the form
ϕn(t) = t+ 2πn. The universal central extension of G is Ĝ = R×B D˜iff(S
1)+,
where B is the globally defined Bott cocycle,
B(ϕ, ψ) :=
1
2
∫ 2π
0
log((ϕ ◦ ψ)′)d log(ψ′),
and the induced product is (ϕ, a)(ψ, b) = (ϕ ◦ ψ, a+ b +B(ϕ, ψ)) [Bo77]. Note
that π1(Diff(S
1)+) ≃ Z is central in Ĝ because B( · , ϕn) = B(ϕn, ·) = 0.
Its Lie algebra is the Virasoro algebra Vir := R ⊕ω Vec(S
1), where ω is the
Gel’fand–Fuks cocycle
ω1(ξ∂t, η∂t) = −
i
2
∫ 2π
0
(ξ′η′′ − η′ξ′′)dt
(see [KW09, Ch. II, § 2]). Since G is contractible, every Lie algebra cocycle ω
integrates to the group level ([Ne02, Thm. 7.12]). If ω is cohomologous to cω1
with c 6= 0, then the corresponding group extension T→ G♯ → G is isomorphic
to the quotient of Ĝ by the central subgroup cZ ⊆ R.
From Theorem 7.3.A), we then obtain that smooth projective unitary rep-
resentations (ρ,H) of G correspond to smooth unitary representations (ρ̂,H) of
Ĝ with ρ̂((t, 0)) = e2πict1 for some c ∈ R. It comes from a projective Diff(S1)+-
representation if and only if ρ̂(ϕ1) = γ1 ∈ T1. Since R×π1(Diff(S
1)) is central
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in Ĝ, such pairs (c, γ) automatically exist if ρ̂ is an irreducible or, more gen-
erally, factor representation of Ĝ. By Theorem 7.3.C, one can alternatively
characterise the smooth projective unitary representations of G as the regular
representations (π, V ) of Vir with π(1, 0) = 2πic1. See [GKO86, KR87, L88] for
the Lie algebra and [GW85, TL99, Se81, NS14] for the group representations.
10.3 Loop groups
Let K be a compact simple Lie group with Lie algebra k, and let σ be an
automorphism of K of finite order N . We denote the corresponding Lie algebra
automorphism by the same letter, and assume that it comes from a diagram
automorphism of k ([Ka90]). Then the (twisted) loop group
Lσ(K) := {f ∈ C
∞(R,K) : (∀t ∈ R) f(t+ 1) = σ−1f(t)}
is a Fre´chet–Lie group [NW09, App. A]. Its Lie algebra is the (twisted) loop
algebra
Lσ(k) := {ξ ∈ C
∞(R, k) : (∀t ∈ R) ξ(t+ 1) = σ−1ξ(t)} .
It comes with a canonical 1-parameter group T : R→ Aut(Lσ(K)) of trans-
lations defined by Tτ (f)(t) := f(t + τ). The corresponding derivation D = ∂t
of Lσ(k) is admissible by Proposition 9.2 because T is periodic.
We are interested in smooth covariant projective unitary representations
(ρ, U,H) of the pair (Lσ(K),R). The first step is to determine the relevant group
extensions. Note that H2(Lσ(k)⋊∂t R,R) is isomorphic to H
2(Lσ(k),R)D. This
follows from Proposition 9.8 because both Lσ(k) and Ker(D) are topologically
perfect; the former by [JW13, Prop. 2.4], and the latter because Ker(D) is the
fixed point Lie algebra kσ, which is compact semisimple, hence perfect, by [He78,
Ch. X, Thm. 5.15]. Since H2(Lσ(k),R) is 1-dimensional, and its generator [ω1]
possesses a translation invariant representative (cf. [Ka90, Ch. 7, 8])
ω1(ξ, η) =
1
8π
∫ N
0
κ(ξ, ddtη)dt,
where κ is a suitably normalized invariant symmetric bilinear form on k, it is
isomorphic to H2(Lσ(k),R)D. The Lie algebra extension L˜σ(k)→ Lσ(k) corre-
sponding to the class c[ω1] for c 6= 0 is called the extension at level c. (For
different values of c 6= 0, the Lie algebras L˜σ(k) are isomorphic, but the cen-
tral extensions are not.) It integrates to a group extension Ĝc → Lσ(K)0 if
and only if c ∈ Z. These extensions have their origins in the Wess–Zumino–
Novikov–Witten model [Wi84, Pi89]. Since the time translation is periodic, it
has an eigenvector, so Remark 8.6 applies and the 1-parameter group of auto-
morphisms extends to Ĝc. In combination with Theorem 7.3.A, we now find that
equivariant smooth projective unitary representations (ρ, U,H) of (Lσ(K)0,R)
correspond to equivariant smooth unitary representations (ρ̂, U,H) of (Ĝc,R)
with ρ̂(z) = z1 for z ∈ T.
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Unfortunately, unlike in the Virasoro case, the extension Ĝc → Lσ(K)0 is
nontrivial as a principal T-bundle, which makes its construction less explicit and
rather more complicated [KW09]. We therefore turn to part C of Theorem 7.3,
which translates the projective unitary representations of the group Ĝc ⋊∂t R
to regular unitary representations of the more tractable Lie algebra
L̂σ(k) := L˜σ(k)⋊∂t R ,
the completed affine Kac–Moody algebra.
In order to apply Theorem 7.3.C, we need 1-connected Lie groups. Al-
though we can always go to the universal cover of Lσ(K)0 and argue as in
Subsection 10.2, the following proposition shows that this is not necessary in
the important special case when K is 1-connected.
Proposition 10.4. (Topology of twisted loop groups) If K is simply connected
(1-connected), then so are the groups Lσ(K) and Lσ(K)⋊∂t R.
Proof. Since R is contractible, it suffices to consider Lσ(K). The evaluation in
zero, ev0 : Lσ(K) → K, is a smooth Lie group extension whose image K
[σ] is
an open subgroup of K, and whose kernel satisfies π1(Ker(ev0)) ≃ π2(K) = {1}
[NW09, §3]. It follows that if K is simply connected, then π1(K
[σ]) and π2(K)
are trivial, so that the long homotopy sequence
. . .→ π1(Ker(ev0))→ π1(Lσ(K))→ π1(K
[σ])→ . . .
implies π1(Lσ(K)) = {0}. If K is 1-connected, then a similar line of reasoning
implies that Lσ(K) is 1-connected (cf. [NW09, Rk. 3.6.A]).
It follows that if K is 1-connected, then smooth equivariant projective uni-
tary representations (ρ, U,H) of (Lσ(K),R) correspond to regular unitary rep-
resentations (π, V ) of the completed affine Kac–Moody algebra L̂σ(k) at integral
level c, that is, with π(1) = c1 for some c ∈ Z.
See [Se81, PS86] for the positive energy representations of Ĝc, and [Ka80,
Ka90] for the (corresponding) highest weight representations of ĝc (in the alge-
braic context).
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